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. Abstract. The Bogomolov conjecture insists that a closed subvariety containing a dense 

' subset of small points should be a kind of "special" subvarieties. In the arithmetic setting, 

the Bogomolov conjecture for abelian varieties has already been established as a theorem 
UUmo and Zhang. However, it has not yet solved completely in the geometric setting, 
though there are some partial results. 

In the study of the Bogomolov conjecture, the canonical measure is one of the key in- 
gredients. The detailed investigation of this measure is crucially needed especially in the 
geometric setting. In this paper, we investigate the support of the canonical measure on 
a subvariety of an abelian variety, applying it to the geometric Bogomolov conjecture for 



< 



' abelian varieties. In fact, we show that the conjecture holds for abelian varieties satisfy- 
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Introduction 



ing some degeneration condition, which generalizes the result for totally degenerate abelian 
varieties due to Gubler and the recent work by the author. Further, we show that the con- 
jecture in full generality holds true if the conjecture holds true for abelian varieties which 
are nowhere degenerate. 

(N 
> 

Tjj- I 0.1. Bogomolov conjecture and results. Let K he a number field, or a function field of 
O ■ normal projective variety over an algebraically closed base field k. We fix an algebraic closure 
K of K. Let A be an abelian variety over K and let L be an ample line bundle on A, and 
assume it is even, i.e., [— = L. Then the canonical height function hi associated with 
L, also called the Neron-Tate height, is a semi-positive definite quadratic form on A {K). It 
is well known that hilx) = if a; is a torsion point. Let X be a closed subvariety of A. We 

X{e;L) := |x G X (A^) /^^(x) < e| 

for a positive real number e > 0. Then the Bogomolov conjecture for abelian varieties, which 
is the main target in this paper, insists that X{e;L) should not be Zariski-dense in X for 
some e > unless X is something "special" , such as a torsion subvariety for example. 
In the arithmetic case, the Bogomolov conjecture is now a theorem of Zhang and Ullmo: 

Theorem A ([21] and arithmetic version of Bogomolov conjecture). Let 7^ be a number 
field. If X is not a torsion subvariety, then there is an e > such that X{e; L) is not Zariski 
dense in X. 

In this paper, we consider the geometric version of this conjecture. In the geometric 
setting, the special subvarieties introduced in [29] are supposed to be counterparts to the 
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torsion subvarieties in the arithmetic setting. Recall that X is called a special subvariety of 
A if there exist an abelian variety C over k, a closed subvariety X' G C, a. homomorphism 
: — )■ A, and a torsion point r G A(-ft') such that X = Gx + (p{X^) + T (cf. Remark ISTTl) . 
It is known that, if X is a special subvariety, then X{e; L) is Zariski dense in X for any e > 
(cf. [29, Corollary 2.8]). The geometric Bogomolov conjecture insists that the converse 
should also hold true: 

Conjecture B (Conjecture 2.9 in [2H], Conjecture I5.2p . If X is not a special subvariety, 
then there should exist e > such that X{e; L) is not Zariski dense in X. 

We should give a remark on Moriwaki's result on an arithmetic version of the Bogomolov 
conjecture over a field K finitely generated over Q. He constructed in [21] a kind of arithmetic 
height functions over K. This height is defined after a choice of arithmetic polarizations of 
K, and he established the arithmetic Bogomolov conjecture for abelian varieties with respect 
to the height associated with a big polarization. A classical geometric height is also one of 
his arithmetic heights, but his theory does not say anything about the geometric version of 
the conjecture because a geometric height does not arise from a big polarization. 

Although the geometric version of the conjecture is still open, there are some partial an- 
swers to it. One important result is due to Gubler. He proved in [15] that the geometric 
Bogomolov conjecture holds for abelian varieties which are totally degenerate at some place. 
In this situation, the notion of special subvarieties coincides with that of torsion subvari- 
eties. Recently, we proved in [29] a necessary condition for a subvariety to have dense small 
pointsQ Using Gubler's appendix in [29] moreover, we showed the following result, which is 
a generalization of the totally degenerate case: 

Theorem C (Corollary 5.6 in [2S])- Let K he a function field and let A be an abelian 
variety over K. Suppose that there exists a place v such that b{A^) < 1. Then the geometric 
Bogomolov conjecture holds for A. 

Here Ay is the Berkovich analytic space associated to A x^^^^-j^ SpecK^, where Ky is the 
completion of K with respect to a place v of K (cf. § 15. ip . and b{Ay) denote the abelian 
rank of Ay (cf. §01)- 

Main results in this paper also give partial answers to the geometric Bogomolov conjecture. 
For the statements, we would like to define the nowhere- degeneracy rank nd-rk(A) of an 
abelian variety A over K, where we let K he a. function field. It is well known that for an 
abelian variety A, there exist simple abelian varieties Ai, . . . ,Ar such that A is isogenous to 
Ai X ■ ■ ■ X Ar. Renumbering them if necessary, we may assume that each Ai for i = 1, . . . , s 
is degenerate at some place and each Ai for z = s -|- 1, . . . , r is an abelian variety which has 
good reduction at any placed We then define nd-rk(74) := dim(y4s_(_i x ■ • • x A^), which can 
be checked to be well-defined for A (cf. Definition 15.71) . Note that, for any v e M^, we have 
b{Ay) > nd-rky4 and the equality holds if and only if all Ai, . . . ,As are totally degenerate 
at V. The following statement is one of our main results in this paper, which generalizes 
Theorem O 

^ We can show that the property "X(e; L) is dense in X for any e > 0" does not depend on an even ample 
hne bundle L. We say X has dense small points if, for some (and hence any) L, X{e;L) is dense for any 
e > (cf. m Definition 2.2]). 

^We may have s — 0. 
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Theorem D (Corollary l5.14p . Let A be an ahelian variety over K . Suppose that xid-ik A < 1. 
Then the geometric Bogomolov conjecture holds for A. 

Theorem [D] never insists that the geometric Bogomolov conjecture hold for all abelian 
varieties, but we can show that the conjecture for A can be reduced to the conjecture for 
Ag^i X ■ ■ ■ X Ar with the notation above. To be precise, we define in Definition 15.71 a notion 
of nowhere degenerate factor for A as the isogeny class of ^4^+1 x ■ ■ ■ x Ar, which can be 
checked to be well-defined. Then we can show the following assertion: 

Theorem E (Theorem 16. 3p . Let A be an abelian variety and let B be a representative of 
the nowhere degenerate factor for A. Then the geometric Bogomolov conjecture holds for A 
if and only if it holds for B. 

As a corollary of Theorem |E| we see that the geometric Bogomolov conjecture for abelian 
varieties is reduced to the conjecture for those without places of degeneration (cf. Con- 
jecture [63]). Note that Theorem [El implies Theorem [D] because the geometric Bogomolov 
conjecture holds for all elliptic curves. 

The Bogomolov conjecture for curves has been studied for a long time as one of the im- 
portant special cases. In the arithmetic setting, UUmo proved in [26j that it holds true. We 
consider the geometric version here. Then this conjecture insists that the embedded curve in 
its Jacobian should have only a finite number of small points unless it is isotrivial. See Con- 
jecture [5II5] for the precise statement. There is also an effective version in Conjecture 15.161 
Although these conjectures have not yet solved completely, some important results are es- 
tablished. In fact, Cinkir showed an affirmative answer to Conjecture 15.161 in [10] under the 
assumption that K is the function field of a curve over a field of characteristic zero. They are 
still open in positive characteristic, but there are some partial answers to Conjecture 15.161 
such as in [211 [22] by Moriwaki and in [27] [28] by the author. We will give some remarks on 
the non-effective version Conjecture I5.15[ which arises as consequences of our arguments. 



0.2. Strategy and a problem. Our basic strategy is the same as that in [15] and [29] : to 
establish an argument analogous to the proof of Theorem [X] We provide the reader with a 
brief summary of the proof of it first. 

Step 1. Let L be an even ample line bundle on an abelian variety A over C. It is well 
known that [n\*L = L®" and that there is a canonical metric hcan on L characterized 
by [n]*hcan = (hcan)^^ , wherc [n] is the multiplication endomorphism by n. Let X be a 
closed subvariety of A of dimension d. Taking the d-th wedge product of the curvature form 
ci(L, hcan), dividing it by deg^^X and restricting to X, we obtain a probability measure 

f^X.L = 77 Ci(L, hcan)^^ \ y 

deg^X 

on X. We call it the canonical measure on X with respect to L. We write simply for 
^x,L if we do not have to take care of L. 

Step 2. Suppose that there exists a counterexample to Theorem [Al Then, replacing by a 
finite extension of it if necessary, we have an abelian variety A over a number field K and a 
geometrically irreducible closed subvariety X d A which is not a torsion subvariety but has 
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dense small points. Taking the quotient by its stabilizer, we may further assume that X has 
trivial stabilizer. Consider a homomorphism 

a : A^^^, (xi, . . . , x^) {x2 — Xi, . . . , — 

Since the stabilizer of X is trivial, this map restricts to a generically finite surjective mor- 
phism from Z := X^ to its image Y := a{Z) for a natural number large enough. We 
write the same symbol a for the restriction Z —^Y . 

Since X has dense small points, we can take a generic sequence of small points of Z. Here, 
a sequence in Z{K) is said to be generic if no subsequence of it is contained in a proper 
closed subset of Z, and is said to be small if lim„ h{zn) = 0, where h is the canonical 
height associated to an even ample line bundle on ZQ The image of it by a is also a generic 
sequence of small points of Y. By the equidistribution theorem, the Gal(_ft'/_ft')-orbits of 
these two generic sequences are equidistributed with respect to the canonical measures /i^^ 
and /iy^ associated to even ample line bundles, where a : — )■ C is an infinite place and Z^j 
and Yo- are complex analytic spaces associated to Z and Y by a. Since the generic sequence 
of Y is the image of a generic sequence of Z, we conclude a^nz^ = /^y^- 

Step 3. On the other hand, and are measures defined by smooth and positive 
differential forms as we saw in Step [H Then we can see that the equality a^nz^ = fJ'Y^ cannot 
occur since the diagonal of X^ = Z^ contracts to a point. Thus we obtain a contradiction, 
which proves Theorem |X1 

How can we make an analogy of the above argument then? Let i^' be a function field 
and let IK = be the completion of K with respect to a place v of K (cf. § 15. ip . Let A 
be an abelian variety over K, X G A a closed subvariety of dimension d and let L be an 
even ample line bundle on A. Suppose that all of them can be defined over K. Then it is 
known that there also exists a canonical metric on L characterized by the same condition as 
the archimedean case. Moreover, we can define a Chambert-Loir measure ci{L\x)^'^- It is a 
semipositive Borel measure on the associated analytic space X*^"^, and hence the probability 
measure 

on X^^ is defined, also called a canonical measure. That is an analogy of Step [TJ 

An analogy of Step [2] can be obtained quite formally: Suppose that we have a counterex- 
ample to Conjecture [Bl Then we can find an abelian variety with a stabilizer-free closed 
subvariety X having dense small points. The morphism a and closed subvarieties Z and Y 
can be defined in the same way, and we can construct a generic net of small points in 
Let f be a place. Then the equidistribution theorem in [16] tells us «*/iz„ = Aiy„ as well. 

Thus we have a good analogy up to here, but it is not a trivial task to deduce the 
contradiction from = fJ'Yy as we did in Step [3] above: It sometimes occurs that the 

support of fiYy is just a single point for example, and then the equality a^^fiz^) = fJ^y^ does 
not lead us to a contradiction. This observation suggests that, if we try to establish some 
results concerning the geometric Bogomolov conjecture with an analogous method, some 
particular information on canonical measures depending on circumstances of the theorems 

■^The notion of "small" does not depend on the choice of even ample line bundles, 
map from a directed set to a set S is called a net in S. 
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should be needed. In the setting of Theorem [Q in fact, we succeeded in finding a contradiction 
by focusing on the minimal dimension of the components of the support of the tropicalized 
canonical measure. The investigation of the canonical measures will also occupy an important 
position in this paper. 

Let us give a remark on a limit of this strategy. As is mentioned in the previous subsection, 
Conjecture [B] can be reduced to Conjecture 16. 5t the geometric Bogomolov conjecture for 
nowhere degenerate abelian varieties. The strategy described so far is useless against this 
conjecture, because the support of the canonical measure of a closed subvariety is necessarily 
a single point. This observation suggests that our theorems [D] and [El are the ultimate which 
can be reached with this strategy based on the equidistribution theorems. 

0.3. Outline of the proof. Our goals Theorem [D] and Theorem [E] are consequences of 
Theorem 15.41 which says that if Xj Gx is tropically non-trivial (see Definition 15.31 for its 
definition), then X cannot have dense small points. The proof of it is delivered along the 
strategy explained above, and it works well by virtue of Theorem 14. 5[ which gives us a crucial 
information on the canonical measure. In this subsection, we describe what Theorem 14.51 
says and give a sketch of the proof of Theorem 15.41 to see how it is used there. 

Let A be an abelian variety over K and let X C A be a closed subvariety. Let be a 
strictly semistable formal scheme with the Raynaud generic fiber X' and let / : X' — )■ A'^'^ 
be a generically finite morphism such that f{X') = X*^^, with some technical assumptions. 
Let L be an even ample line bundle on A with a canonical metric. Then we can define a 
probability measure f^x'j'L which has a property that j,^ = fJ'X^^,L- Let S{^') 

be the skeleton of which is a simplicial set and a subspace of X': We have a canonical 
simplex As for each stratum S of the special fiber of and S{^') = [Jg As- Gubler defined 
in [T7] the notion of non-degenerate canonical simplices with respect to /, and showed that 
f^x' f*L ^ finite sum of the Lebesgue measures on the non-degenerate canonical simplices. 
It follows that the support Sx^^^ of fix^'^,L coincides with the image of the union of the non- 
degenerate canonical simplices by /. Moreover, he showed that S'^^n has a unique piecewise 
afiine structure such that the restriction of / to each non-degenerate canonical simplex is a 
piecewise affine map. We fix a sufficiently refined polytopal decomposition of Sx^^ hereH A 
polytope (J in (Sj^an is called a strict support of fix^^ if /ix^" — e<^cr is semipositive for small 
e > (cf. Definition 14. 2p . Suppose that cr is a strict support of Hx^^^l- It is not difficult 
to take a non-degenerate canonical simplex Ag with a C /(A5) and dim a = dim/(A5). 
Theorem 14.51 insist that any stratum Ag of S{^') with a C /(A5) and dimcr = dim/(As) 
should be a non-degenerate simplex with respect to /. 

Let us give an outline of the proof of Theorem 15.41 now. We argue by contradiction, 
and suppose that it is not correct. Then we can take a stabilizer- free counterexample X 
such that Sxy has positive dimension for some place v by the assumption that X/Gx is 
tropically non-trivial. We put Z := and consider a : Z Y as before. Taking into 
account that /i^^ can be regarded as the product of N copies of and that a contracts the 
diagonal of Z = X^ to a point, we can find a strict support a of fiz^ with dima(cr) < dim a. 
Take a strictly semistable formal scheme with a generically finite surjective morphism 
g : {^')^^ — )■ Zy. Note that the morphism h := a o g as well as g has the same properties 
that / in the previous paragraph has because a is generically finite. Since cr is a strict 



'It should be a descendible subdivisional one with the terminology in § 14.31 
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support, there exists a non-degenerate canonical simplex As of S{^') with respect to g 
such that cr c g{A.s) and dima = dimg{As). The inequality dima(cr) < dimcr tells us 
dima{g{As)) < dimA5, which implies that As is degenerate with respect to h. Moreover 
we have a(cr) C h{As) and dima{a) = dimh{As). Accordingly, we conclude that a{a) is 
not a strict support of /iy^ by virtue of Theorem 14. 5[ On the other hand, since Z has dense 
small points, we can obtain a^.{jjizj) = /Uy„ by the equi distribution theorem. Since cr is a 
strict support of /i^^, it can be seen that a(cr) is a strict support of /iy^. Thus we obtain a 
contradiction, and hence Theorem 15.41 holds. 

0.4. Organization. This article consists of six sections. In § [1], we recall some basic facts on 
non-archimedean geometry. The Raynaud extension of an abelian variety and its tropicaliza- 
tion recalled there will be important ingredients. §[2] is the most technical part in this paper. 
Its goal is to show that if there is a morphism from a strictly semistable formal scheme 
to an abelian variety, the induced morphism by reduction restricts to a torus-equivariant 
morphism between irreducible components. The goal of § [3] is Proposition 13.31 For a closed 
subvariety X of an abelian variety, we establish in this proposition a criterion when a stra- 
tum of the semistable alteration of a model of X is non-degenerate, in terms of the initial 
degeneration of X. It will be a key assertion to prove Theorem 14.51 We introduce the notion 
of strict support in § HJ and prove Theorem 14.51 The last two sections § [5] and § [6] are the 
climaxes of this paper. We will actually show that, our strategy, which is used in the proof 
of Theorem 15.41 works well by virtue of Theorem 14.51 in this situation. Using it, we give 
some partial answers to the geometric Bogomolov conjecture, including the main theorems 
mentioned in § 10.11 Some remarks on the conjecture for curves are also given in § [51 

Acknowledgments. I would like to express my gratitude to Professor Matthew Baker and 
Professor Amaury Thuillier. We had a conversation on the relationship between the tropical 
canonical measures and the initial degenerations in the Bellairs workshop 2011 at Barbados, 
which motivated me to establish Proposition 13. 3[ I also thank organizers of that workshop, 
especially Professor Xander Faber, for inviting me to it. I would like to thank Professor Shu 
Kawaguchi for his constructive comments on a preliminary version of this paper. My deepest 
appreciation goes to Professor Walter Gubler, who read the previous version carefully and 
gave me a lot of valuable comments. This work supported in part by KAKENHI(21740012). 

1. Preliminary 

We fix our conventions and terminology. When we write K, it is an algebraically closed field 
which is complete with respect to a non-trivial non-archimedean absolute value | ■ | : K — )■ R. 
We put K° := {a e K I \a\ < 1}, the ring of integers of^K, K°° := {a G K | \a\ < 1}, the 
maximal ideal of the valuation ring W, and further put K := ]K°/]K°°, the residue field. We 
put r := {— log |a| I a G K^}, the value group of K. 

For an admissible formal schem^ ^ (cf. [IHIIT]), we write ^ := ^ Xspf^o SpecK. For 
a morphism : ^ — )■ of admissible formal schemes, we write for the induced morphism 
between their special fibers. 



'When we say a formal scheme, it always means an admissible formal scheme in this article. 
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1.1. Berkovich analytic spaces. In this article, when we say an analytic space, it always 
means a Berkovich analytic space. We recall some notions and properties on analytic spaces 
associated to admissible formal schemes of algebraic varieties, as far as used later. For 
details, we refer to Berkovich's original papers [11 121 |3l H] or Gubler's expositions in his 
papers [TilITT] . 

Let ^ be an admissible formal scheme over K°. Then we can associate an analytic 
space called the (Raynaud) generic fiber of . For a given analytic space X, an 

admissible formal scheme having X as the generic fiber is called a formal model of X. There 
is a reduction map red^ : — )■ Let Z be a dense open subset of an irreducible 
component of ^ with the generic point r]z G Z. Then there is a unique point G 
with reds'i^z) = Vz- 

We can also associate an analytic space to an algebraic variety X over K, and we write 
X'^'^ for the analytic space associate to X. We have a natural inclusion X(]K) C X^"^. We 
should recall the relationship between the analytic space associated to an algebraic variety 
and that done to an admissible formal scheme. Let X he a scheme flat and of finite type over 
K° with the generic fiber X. Let X be the formal completion with respect to a nontrivial 
principal open ideal of K°. Then it is an admissible formal scheme and X^"^ is an analytic 
subdomain of X*^^. In case that X is proper over K°, we have X'^'^ = X'^'^. 

Let y be a closed subvariety of a proper algebraic variety X over K and let ^ he a 
formal model of X'^'^. Then there exists a unique admissible formal subscheme ^ d 2J with 

^an ^ yan_ pg^jj ^j^jg ^ cloSUrC of F in ^. 

1.2. Tori. Let us fix the notations on the tori. Let denote the split torus of rank n over 
K. In this section, let Xi,...,Xn denote the standard coordinates of unless otherwise 
noted, namely, GJ^ = SpecK[(xi)^, . . . , (x^)^]. Let (G^)™ be the analytic space associated 
to G;;. We put 

iGlYr^'^:= SpfK°[(xi)±,...,(a:.)±], 

the formal torus over K°, writing (G;;)f for the generic fiber of (G^J,)!"'^^. We call (G;,)^'''^ 
the canonical model of (G^)'^'^. The analytic space {G^)f^ is an analytic subgroup of (G^)^^ 
as well as an affinoid subdomain of (G^)^^. The reduction (G^)^ := SpecK[(a;i)^, . . . , 
is called the canonical reduction of {G^)f. 

Each element p G (G!J^)^'^ can be regarded as a seminorm on K[(xi)^, . . . , We 
define a map val : (G^)'^" — M", called the valuation map, by 

p^ {- logp(xi), . . . , - logp(a;„)). 

Note that var^(O) = (G^)f (cf. [151 4.3]). 

1.3. Strictly semistable formal schemes, their skeletons, and subdivision. 

recall the notion of stratification of a variety Y over a field. We start with := 
each r G N, let Y^"^^ C be the complement of the set of normal points in Y^"^' 

the set of normal points is open and dense, we obtain a chain of closed subsets: 

The irreducible components of F'-^-' \ are called the strata of Y , and the set of strata 

is denoted by str(F). 
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An admissible formal scheme 3^' is called a strictly semistable formal scheme if any point 
of has an open neighborhood 'W and an etale morphism 

(1.0.1) ip : ^ y := Spf K°(x[), . . . , x'a)/{xQ ■ ■ ■ - vr), 

where vr G \ {0}. Note that if we put := Spf K°(a;'o, . . . , x[.)/{x'q ■ ■ ■ x[. - tt) and 
^2 '■= Spf K° {x'^_^i, . . . ,x'^), then we have y = x Let o G be the point defined 
by a;Q = ■ ■ ■ = = in K[a;Q, . . . , x[^I{x'q ■ ■ ■ x^). We recall here an assertion in [T7]: 

Proposition 1.1 (Proposition 5.2 in [H]). Any formal open covering of 3^' admits a refine- 
ment {'^'j by formal open subsets as in fll.O.ip and which has the following properties: 

(a) Any is a formal affine open subscheme of 5^' . 

(b) There exists a distinguished stratum S of associated to such that for any 
stratum T of we have S" C T if and only if fl T 7^ 0, where T is the closure 
of T in ^ 

(c) The subset '?/'~^({o} x 5^^) is the stratum of which is equal to fl S for the 
distinguished stratum S from (b). 

(d) Any stratum of S^' is the distinguished stratum of a suitable . 

For a strictly semistable formal scheme 3J\ we can define a subspace S{^') of X' : = 
^^/-jan^ called the skeleton. It has a canonical structure of an abstract simplicial set which 
reflects the incidence relations between the strata of We briefly recall it here, and refer 
to [T71 5.3] for more details. For any stratum S of of codimension r, take a formal affine 
open subset of such that S is the distinguished stratum of and an etale morphism 
as in fll.O.ip . It is well known that the first projection — t- induces an isomorphism 
S{S^) = S{S^i) between the skeletons and we have an isomorphism 

Si^i) = {K, ...,<) G M^V I «[, + ■■■ + < = vi^)} = A', 

where the second isomorphism is given by omitting u'q (cf. [TTl 5.3]). On the other hand, the 
skeleton S'(^') of U' := i^^')^^ is a subset of S{^') and ip in (11. 0.11) induces an isomorphism 
S{y) = 5(^1) between skeletons. Accordingly, we have 

(1.1.2) S{^') = S{y) = Si^i) = A' 

and, in particular, the subset S'('^') of S{^') is a simplex. Since S{^') depends only 
on not on the choice of , we write A5 = S{'^') and call it the canonical simplex 
corresponding to S. It is known that the canonical simplices {^s} s&tr{.t') cover S{^')^ 
which gives a canonical structure of an abstract simplicial set to the skeleton S{^'). 

There is a continuous map Val : X' — )■ S{^') which restricts to the identity on S{^'). 
If S* is a distinguished stratum of associated to in the sense of Proposition II. H 
then the restriction of Val to U' := ('^')^° is described as follows: We can regard U' as a 
rational subdomain of (G^)^° with the standard coordinates x'^, . . . , x^, by omitting Xq. Let 
val' : (G^)^° — )■ R'' be the valuation map as in § II. 2[ Using the identification 

(1.1.3) A5 = A' := {(«;, ...,«:) G M^o m + ■■■ + K < v{n)} 

given by (ll.l.2p . we can describe Val as Val(p) = vaA' {tp^^{p)) G A' = As for p E U'. See [3] 
or [TTl 5.3] for more details. 
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Let S^' be a strictly semistable formal scheme. Let ^ be a F-rational subdivision of the 
skeleton S{^^'\ This means that ^ is a family of F-rational polytope^, each contained in a 
canonical simples, such that {A G ^ | A C A5} is a polytopal decomposition of A5 for any 
stratum 5* of (cf. p/T* 5.4]). Then [171 Proposition 5.5] gives us a unique formal scheme 
c^ii corresponding to 3l. Furthermore, [TTl Proposition 5.7] tells us that there is a bijective 
correspondence between the set of strata of 2^" and ^ . More precisely: 

Proposition 1.2 (Proposition 5.7 in |17j). Let be the formal scheme associated to ^ 
as in [TTl Proposition 5.5]. Then there exists a bijective correspondence between open faces 
r of ^ and strata R of given by 

R = red^»(Var^(r)), r = Val(red;^^,(F)), 

where Y is any non-empty subset of R. 

As a corollary of the proof of [TTl Proposition 5.7], Gubler established the following asser- 
tion: 

Proposition 1.3 (cf. Corollary 5.9 in [17J). Let be the formal scheme associated to ^ 
as in [TTl Proposition 5.5] and let l' : — )■ be the morphism extending the identity 
on (<^')^°. Let u G ^ be a vertex and let R be the stratum of corresponding to u (cf. 
Proposition 11.21) . Then S := i'{R) is a stratum of with u G relin A^. Furthermore, if we 
put r := dimi? — dim 5, then : R ^ S has a structure of (GJ^)]^-torsor. 

We will see in the proof of Lemma 12.11 how the (G5„)]g-torsor in Proposition 11.31 can be 
described. 

1.4. The Raynaud extension and the valuation map. We recall here some notions on 
the Raynaud extensions as far as needed in the sequel. See [3, §1] and [TTl §4] for details. 

Let A be an abelian variety over K. According to [71 Theorem 1.1], there exists a unique 
analytic subgroup A° C A'^'^ with a formal model having the following properties: 

• is a formal group scheme and {^"Y"^ = A° as group analytic spaces. 

• There is a short exact sequence 

(1.3.4) 1 > sr° \ \ ^ > 0, 

where Sr° ^ (G^)^'=^ for some n > 0, and is a formal abelian variety. 

By virtue of [51 Satz 1.1], we see that such an is unique, and 3^° and ^ are also 
uniquely determined. Taking the generic fiber of the above exact sequence, we obtain an 
exact sequence 

(1.3.5) 1 ^ ^ po Ssn^ B > 

of group spaces. We call , and SS the canonical formal models of T°, A° and B 
respectively. 

Naturally T° is an analytic subgroup of the analytic torus T = (G^)^°. Pushing (11. 3. 51) 
out by T° T, we obtain an exact sequence 

(1-3.6) 1 y T > E B > 0, 



We adopt the notation and terminology in 6.1 and Appendix in [Tl] 
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which is called the Raynaud extension of A. The natural morphism A° E is an immer- 
sion of analytic groups. [71 Theorem 1.2] says that the homomorphism T° A^"^ extends 
uniquely to a homomorphism T — )■ A^^ and hence to a homomorphism p^'^ : E — )■ A^". This 
p*^^ is also called the Raynaud extension of A by abuse of words. It is known that is a 
surjective homomorphism and moreover M := Kerp*^"^ is a lattice in E{K.). Thus A*^"^ can be 
described quotient of E by the lattice M. 

The dimension of T is called the torus rank of A, and the dimension of B is called 
abelian rank of A. We denote the abelian rank of A by b{A). A is said to be degenerate 
if &(^) < dim A, or equivalently if the torus rank of A is positive. Note that "being non- 
degenerate" means "having good reduction" . 

Taking into account the fact that the transition functions of the T-torsor fll.3.61) can be 
valued in T°, we can define a continuous map 

(1.3.7) val : E ^ R", 

as in [7|, where n is the torus rank of A. We recall here how it can be described. Let us first 
fix an isomorphism T° = {G^)f°-, with the standard coordinates xi, . . . ,a;„. We can take a 
covering {V^} of B consisting of rational subdomains and trivializations 

(1.3.8) {{qTT\V) -Fx (G:;)r 

as (GJ^)^'^-torsors for all V. Since the Raynaud extension is the push-out of fll.3.5p by the 
canonical inclusion {0^)1^ i'^mY'^y isomorphism fll.3.81) extend to isomorphisms 

(1.3.9) {q'''T\y) = y ^ i^mr' 

of (GJ^)'^'^-torsors, and we obtain morphisms 

(1.3.10) rv : (g'")"'(l^) = Vx (G^^,)"" ^ (G^^,)"" 

for all V, by composing with the second projection. A different choice of fll.3.81) gives a 
different isomorphism in fll.3.91) and hence a different morphism in fll.3.101) for each V, but 
the difference is only the multiplication of an element of (GJ^)^"^ on (G^)™. Accordingly, the 
morphisms {q'^'^)~^{V) — )■ M" given by 

e f-^ (- logry(e)(a;i), . . . , - logry(e)(a;„)) 

patch together to be a morphism from E to M". It is our valuation map val : — )■ M". 

The image A := val(M) C M", also contained in F", is a complete lattice in M" and we 
have a diagram 

E R"" 



that commutes. The homomorphism val is also called the valuation map. From the con- 
struction of val and val, we see A° = val (0) = val~^(0). 
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1.5. Homomorphism, products and Raynaud extensions. Let Ai and A2 be abelian 
varieties over K and let (p : Ai —> A2 he a homomorphism. Let 

1 > Ti y Ei Bi > 

be the Raynaud extension of Ai for z = 1, 2. Then [21 Proposition 2.2] tells us that (j) induces 
a homomorphism A\ — )■ A2 and hence we obtain a homomorphism — t- Tg". Accordingly 
we have an induced homomorphism (pah : -Bi — )■ -B2 between the abelian parts. Furthermore, 
we can extend to a homomorphism between the Raynaud extensions. In fact, since the 
homomorphism — )■ T2 is algebraizable (cf. [121 Corollaire 3.4 and Theoreme 3.6]), it 
canonically extends to Ti — ?■ T2, and hence we obtain, from the construction of the Raynaud 
extensions, a homomorphism ^ : Ei E2 which is a lift of (p^^. It is not difficult to see 
from the construction of the valuation map that $ descends to a linear map 0aff '■ I^"^ ~^ I^""^ 
by the valuation maps, where ni and n2 are the torus rank of Ai and A2 respectively, and 
we have 0aff(Ai) C A2. Therefore, we have a homomorphism (f)^^ : M^^/^i ~^ M"2/A2 which 
makes the diagram 

^an "^aff ^ A^^ 

(1.3.11) I 

W/Ai M"VA2 

commutative. 

Next we consider the direct product. We put A := Ai x A2. Then we have Alx A2 G A^^ 
and an exact sequence 

1 ^ T° X T° ^ Al X A°2 ^ Bi X B2 ^ 0. 
We can see A° = A^ x A2 and T° = x T2 from their definitions, and further we find 

(1.3.12) 1 ^ Ti X T2 ^ El X E2 ^ Bi X B2 
is the Raynaud extension of A. We can also see that 

^ : (Al X A2T'' M"^+"V(Ai © A2) 
coincides with the map between the products 

^an ^ ^an ^ ^"1/^1 X M"7A2 

induced from vali : -> /Ai and val2 : ^ /A2. 

We show some assertions on abelian rank which will be needed later. 

Lemma 1.4. Let(f) : Ai ^ A2 be an isogeny of abelian varieties overK. Thenb{Ai) = b{A2). 

Proof. It can be easily seen that there also is an isogeny A2 ^ Ai. In fact, for an abelian 
variety A, let A denote the dual abelian variety. There is an isogeny ai : Ai ^ Ai for each 
i = 1,2. Taking the dual di of ai, we have an isogeny Ai Ai. Therefore the composite 
a2 o (p o di : A2 ^ Al, where (p : A2 ^ Ai is the dual isogeny of (p, is an isogeny. 

Since we have not only an isogeny from Ai to A2 but also an isogeny from A2 to Ai, 
it is enough to show b{Ai) > 6(^2), so that we show the homomorphism (pab : Bi B2 
associated to (p is surjective. Let |/ be a point in the abelian part B2 of A2. Since ^I^Ias : 
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A2 —7- B2, 0™ : Af^ — )■ y4|° and pi : Ei Af^ are surjective, we can take x G Ei with 
q2^{(j)^^{pi{x))) = y. Then, (pabili^ix)) = y, which imphes 0^6 is surjective. □ 

Remark 1.5. Let Ui be the torus rank of Ai. If is isogeny, then rii = n2 by the above 
lemma, and 0afi is a surjection and hence an isomorphism of vector spaces. Therefore (p^g is 
a finite surjective homomorphism. 

Proposition 1.6. Let 

Ai ^ A2 ^ A3 ^ 

be an exact sequence of ahelian varieties over K. Then we have 6(^2) = h{Ai) + hi^A^), and 
n{A2) = n{Ai) + n{A3), where n{Ai) denote the torus rank of Ai. 

Proof. We can take an abehan subvariety A' C A2 such that the natural homomorphism 
AixA'^ A2 given by (ai, a') 1— ai + a' is an isogeny and so is the composite A' A2 ^ A3. 
We have b{Ai x A') = b{Ai) + b{A') using that fll.3.121) is the Raynaud extension of the 
product. Taking into account Lemma [1.41 we find 

b{A2) = b{Ai X A') = b{Ai) + b{A') = b{A,) + 6(^3) 

as required. The other equality immediately follows from the one on the abelian ranks just 
obtained. □ 

1.6. Mumford models, Torus-torsors, and initial degenerations. Let 

1 > T > E B > 

be the Raynaud extension of an abelian variety A over K. Let n be the torus rank of A 
and let ^ be a A-periodic F-rational polytopal decomposition of M". We refer to [HI 6.1 
and Appendix] for notations and conventions on convex geometry. For a polytope A G 
the subset val~^(A) C -E is an analytic subdomain, and there exists a natural surjective 
morphism 

C := nvai-(A) : var^A) ^ R 

(With the notation in [ITj, 4.7], we can write val~"'^(A) = [JyUv,a, where V runs through 
the formal affinoid atlas oi B.) Since val induces the trivial action of T° on A, we have a 
natural T°-action on val~^(A), which is an action over B with respect to q^. 

Let ^ denote the polytopal decomposition of ]R"/A induced from ^ by quotient, and 

let A G ^ be the polytope with a representative A G Then val (A) is an analytic 
subdomain of A^'^ with a T°-action. The quotient map p^'^ : E A^" restricts to an 
isomorphism P^^\va.i-^{A) '■ vaP^(A) — )■ val (A), via which we define 

W ■■= Qa ° (P'lval-(A))"' ■ ^"'(A) ^ B. 

The T°-action on val ^(A) is a T°-action over B. 

We recall some facts on Mumford models. See § 4, especially 4.7, in [1^ for details. Gubler 
constructed the Mumford model p : S ^ si^ associated to ^. We also call ^ the Mumford 
model of A. We have an extension g : ff — )■ of q^^ : E ^ B. The T°-action on E over 
B extends to the ^"-action on over We also have open coverings {Sa}a&'^ of S and 
{■^~a\^£^ of £^ such that p\s'^ ■ <C\ -^a is an isomorphism. (With the notation in [T71 
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4.7], = Uv'^VA-) Note that vaT^^A) = (i^/^)^"" as analytic subspaces. The 5'°-action 
on S' induces a =y^°-action on over Using the isomorphism p\^^ above, we define 

and we have e^F°-actions on S'a and ^/-^ over We should remark that depends not 
only on A but also the choice of a representative A of A. 

We also have subspaces val~^(relin(A)) C val^"'^(A) and val (relin(A)) C val (A) with 
T°-actions, where relin(A) and relin(A) denote the relative interior of A^ We have mor- 
phisms 

dvai-i(rciin(A)) ■ val"^ (relin( A) ) ^ B, Cb-i(reiin(A)) " v^^' (relin( A) ) ^ B 

with T°-actions over B. 
Put 

■^rcim(A) :— red^(val "'^(relin(A))) and ^^.^jj^^j-;^^ :— red^(val (relin(A))). Then Zi.eiin(A) 
and ^reiin(A) Strata of S' and S2/ corresponding to relin(A) and relin(A) via the bijec- 

tive correspondence described in [TTf Proposition 4.8] respectively. Taking the reductions, 
we obtain surjective morphisms 

(1-6-13) ?AU,,iin{A) • ^relin(A) ^, ^U,,iin(A) " ^relm{A) ^■ 

The torus acts on Zrciin(A) and -^reiinCA)' the actions are over ^ with respect to 
and qXlz j. respectively If A consists of one point w, then we write Z^^,, Zjjj, etc. instead 
of Zj^} and Zj^}, etc. for simplicity. Note that : Z^j ^ ^ and : Z^j — )■ are 
=#°-torsors (cf. [HI Remark 4.9]). 

Finally in this subsection, we define the notion of initial degenerations of a closed sub- 
variety X of A. Let be the closure of X^^ fl val (A) in We define the initial 
degeneration ui-^{X) of X over A by 

(1.6.14) in^(X) := 

the special fiber of <^Ea- It is well-defined from X and A. In the case that A = {W}, we 
write in^(X) for in^(X). Note that in^(X) is a closed subset of Z^- 

1.7. Associated afRne map. Let be a strictly semistable formal scheme over ]K°. We 
put X' := {^'Y'^, and let / : X' — )■ A^^ be a morphism. We suppose that for some Mumford 
model oi A, f extends to a morphism of formal schemes — )■ The following assertion 
is due to Gubler: 

Proposition 1.7 (Proposition 5.11 in [17J). Under the setting above, there is a unique map 
f^g : S{^') — )■ M"/A with f^g o Val = val o / on X'. The map f^g is continuous and the 
restriction of /^fj to As is an affine map for any S G str(j?r'). 

We do not repeat the proof of the above proposition here, but let us recall how f^^ is 
described over Ag. We first fix an isomorphism between the torus part of the Raynaud 
extension of A and the split tours {G'!^Y^ with the standard coordinates xi, . . . , Xn- Let the 

® For a polytope P, let relin(P) denote the relative interior of P in this article. 
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same symbol val : (G^)^" — )■ M" denote the restriction of the valuation map fll.3.7p . and let 
u = . . . Un) be the coordinates of such that val(p) = (— logp(xi), . . . , — logp(x„)). 

We can take a open subset C and an etale morphism ip : — )■ ^ = x 
where we recall ^1 = IK°(xo, . . . , xj,) / (xg ■ • ■ — vr), such that S" is a distinguished stratum 
associated to ^' (cf. Proposition [TI]) and that there exists a lift F : ('^O^^ ^ - 
(G^)^"^ X V of / : X' — )■ A^"^, where is a rational subdomain of B. According to pTf 
Proposition 2.11], we can write 

(1.7.15) = x,v,r{x[r'' ■ ■ ■ rixT'^ 

for some Aj G K^, t>j G and rrij = {ma, . . . ,mir) G Z^. Then our /^^g, via the 

identification f ll.l.Sp . can be described as the composite of /ag : S'('^') — )■ with the 
quotient M" — > R"/A, where 

(1.7.16) /aff(u') = (mi ■ u' + v{X,), . . . , m„ ■ u' + .;(A„)), u' G A5 = S{^'). 
All mjj and hence f^s and /^ff do not depend on the choice of a hft F. 

2. TORUS-EQUIVARIANCE 

The goal in this section is to show Proposition 12.31 It is a generalization of [HI Remark 
6.7], in which A is totally degenerate, to general abelian varieties. 

2.1. Torus-action on the formal fiber. Let J^' be a strictly semistable admissible formal 
scheme over K° with the generic fiber X' := (^')^°. We put d := dimX'. Let red^/ : X' — )■ 
be the reduction map. For a closed point p G we put X'^{p) := (red,r')~^(p) and 
call it the formal fiber over p. It is well known that X'_^^{p) is an open subdomain of X' (cf. 

m 2.8]). 

First we show that there is a natural (G^)i'^-action on X^(p), which is compatible with 
the (GJ^)]^-action mentioned in Proposition II. 3t 

Lemma 2.1. Let S be a stratum of S^' of codimension r and let C S^' be an formal 
affine open subscheme such that S is the distinguished stratum associated to (cf. Propo- 
sition and fix an etale morphism tfj : y as in U.O.I]) . Then for any closed 
point p & S n , we have a {G^)l^-action on X'^{p) with the following properties: Let As 
be the canonical simples corresponding to S . Let & be a T-rational polytopal subdivision of 
the skeleton S{^'), S^" the formal model of {^!^'Y^ corresponding to ^ , l' : — )■ 
the morphism extending the identity on X' , and let red^-" : X' — )■ be the reduction 
map. Suppose that u E ^ is a vertex with u G relinA^, and let R be the stratum of 
corresponding to a vertex m G ^. Recall that we have a (GJ„)£-torsor i' : R ^ S . Then we 
have 

redx" {X'^iP)) D {p} XgR, 

and the {G'!^)l^ - action on X'^lp) induces the action of {G"^)^ on {p} Xs R mentioned in 
Proposition \1.3\ by reduction. To be precise, the {G'!^)l^- action on X'_^{p) descends to a 
(unique) {G'^)^-action on Ted_g:rr{X'_^{p)) by the reduction maps, and this action restricts to 
a {G^)^-action on {p} X5 i?, which coincides with the restriction of {G^)f^-action on R in 
Proposition \1.^A 
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Proof. Let us describe how this proof is organized: As a prehminary step, we will show 
Claim [?!l.l9[ After that, we will define a (G^)'^"-action on X'^{p), and we will finally show 
that this action has the required properties. 

We adopt the notations and conventions in § ll.3[ Since our interest is local at p G SH'^', 
we may and do assume 3^' = . Let : ^ = x ^2 — >■ be the canonical projection for 
i = 1,2. We recall that ip and pi induce isomorphisms of skeletons S{^') = S{y) = S{S^i), 
which are all nothing but the standard simplex A' (cf. (11. 1.21) ). The F-rational subdivision 
S! of S{^') gives subdivisions on S{y) and S'(^i) via these isomorphisms. Let y and y{ 
be the formal scheme corresponding to these subdivisions. 

We can regard S^l^ as a rational subdomain of (GJ^)'^'^ with the standard coordinates 
. . . ,x[. by omitting the first coordinate Xg of ^j^". The affinoid torus naturally 
acts on =5^]^", and this action extends to a (GJ„)^~'^'^^-action on S^i uniquely. Taking into 
account [TH 4.6], we also have a natural action of on Note that S^l — j- S^i is 

(G^)^~*^^'^-equivariant. On the other hand, we make (G^)^"*^^^ act on 5^2 trivially. Then, via 
Cartesian diagrams 



y ^ SpfK° 



of formal schemes, we obtain (GJ^)]^ '^'^ -actions on .5^ and 5^' such that the above Cartesian 
diagrams is (G^)i~^'^'^-equivariant. Taking the reduction, we obtain a Cartesian diagram 



(2.L17) 



p'l 



pi 



of (G5„)j^-schemes. 

Let val' : be the valuation map. We know that val' induces S'(^i) = A', 

as recalled in § 11.31 We put Ui := G S'(^i). It is a vertex in ^1, where ^1 

denote the subdivision of S{y[) associated to 3^ via the isomorphism S{^') = S'(^i). Let 
T[ be the stratum of ^/ corresponding to Ui. Note that ii{T[) = {0} since Ui sits in the 
interior of the maximal simplex of S{yi) (cf. Proposition II. 3p . Recall that T[ is given by 
Tl = red,y^'((val' |^an)~i(val'(Mi)). Since val' is invariant by the (GJ!„)^'^-action on y^^, we 
find that (val')~^(val'('Ui)) is stable by the action of (GJ^)^", and hence that T{ is stable under 
the action of (G^^)^ on y{. Restricting li : y( — )■ ^1 in the square (I2.1.17P to Tl — )• {o}. 
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we obtain a Cartesian diagram 



P'l) {T[) 



til] 



{5} 



{Pi)-\o) - 

of (GJ„)j^- varieties. Note that the (GJ^)f -action on (pi)~^(o) is trivial since the (GJ^)g-action 
on is triviaL 

As in |T71 Remark 5.6], we have a Cartesian diagram 



(2.1.18) 



3^" 



St:' 



i'' 



As we can find in the proof of p!71 Proposition 5.7], we have S = {pi o tp) ^(o) and R 
p[ o ip'^ {Tl). Therefore we obtain a Cartesian diagram 



R > [Pi 



in) 



s 



'/'Is 



ip~i)-\o). 



We make (G^)j^ act on S trivially. Then the bottom row in the above diagram is (G^)]^- 
equivariant, and hence we can put an (G5^)]g-action on R by the Cartesian product. That 



makes R ^ S a 



J5„)]g-torsor, and this 



"mJK 



^-action is nothing but the torsor structure in 



[T7t Corollary 5.9] and hence that mentioned in Proposition 11.31 In particular, we have the 
following: 

Claim 2.1.19. We have a (GJ„)]^-equivariant isomorphism 



{p} ^sR 



-1 



where the (GJ„)]^-action on the left-hand side is the restriction of the (G^)]g-action in Propo- 
sition [L3l and that of the right-hand side is given by the reduction of (GJ^)^"^- act ion on y^'^. 

Now we define a (G^l^ action on X'^{p). We put {y^^) + {ip{p)) := Ted^{^{p)). Since 
i/j{p) is fixed by the action of (G^)jg, we find that {G'^)^^ acts on and that 

(G^)^ acts on redy {{y^^) + {4'{p))) C y{ by reduction. By virtue of [U Lemma 4.4] or [T71 
Proposition 2.9], the restricted morphism 



(2.1.20) 



: X'4p) ^ (^-)+(^(p)) 



is an isomorphism. Through this isomorphism, we define a (G^)'^'^-action on X'_^{p). 
To complete the proof, we show that this action satisfies the required conditions. 
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Claim 2.1.21. The (G^)'^'^- act ion on X'_^{p) induces an (G];„)]^-action on red^"(X^(p)) by 
reduction, and the morphism 

(2.1.22) ^' : red^»(X;(p)) ^ red^.((^-)+(^(p))) 

is a (G!J^)j^-equivariant isomorphism. 

Proof. Let us first show that fl2.1.22p is an isomorphism. Note that we have an isomorphism 

ip' : (t') (p) = L^^(^(p)) coming from the Cartesian diagram (12.1.18^ . It follows therefore 
from the diagram 

red^»(X;(p)) red,^,((^-) + (^(p))) 



1-' 



that the morphism f l2.1.22p is injective. On the other hand, the isomorphism X'_,^{p) = 
{^^^) + {ip{p)) tells us that fl2.1.22p is surjective because the reduction maps are surjective. 
Thus we see that it is an isomorphism. 

Recall that our (G^)]^-action on Tedy'{{^^'^)+{ip{p))) is given by the reduction of the 
(G^)^"-action on {^^^)+{'ip{p)), and that the (G5^)'^°-action on X'^{p) is given via the iso- 
morphism f l2.1.20p . Then it follows from a commutative diagram 



red a 



Teds:-"{KiP)) red^.((^-) + (^(p))) 



that the (G^)]^-action on red^//(X^(p)) induced via f l2.1.22p coincides with the one induced 
from the (G^)^°-action on X'^lp) by reduction. Thus we obtain our claim. □ 

It is obvious from the definition that {p} XsR ^ red,r"(^+(p))- What is remaining to be 
shown is that this inclusion map is (G5^)£-equivariant with respect to the (G5„)]g-action on 
{p} Xs R in Proposition 11.31 and (G5„)]g-action on reds'" {X'_^{p)) obtained in Claim [271. 2 H 
but it is not difficult. In fact, let us look at the following commutative diagram: 



red^-.(X;(p)) 



{P}xsR 



red^.((^-)+(V^(p))) 



Claim 12.1.211 tells us that the first row is (GJ„)]g-equivariant. The second row is (GJ^)^- 
equivariant by Claim [271.191 The inclusion in the right column is (GJ^)£-equivariant because 
their actions are both given by the reduction of the restriction of the (G^)'^'^- act ion on 
Consequently, we conclude that the inclusion {p} Xs R ^ red^'/(X^(p)) in the left-hand 
side is also (GJ^)]^-equivariant. That shows that there is a (G^)'^'^-action on X'_^{p) which 



18 



KAZUHIKO YAMAKI 



induces by reduction a (Gj„)]^-action on {p} R compatible with the one mentioned in 
Proposition 11.31 Thus we obtain our lemma. □ 

2.2. Torus-equivariance between strata. Let A be an abelian variety over K of torus 
rank n and we fix an identification between the torus part of A and (G^)^". We recall here 
that A is a lattice of M" associated to the kernel of the Raynaud extension E — )■ A^^ of 
A, and that val : A^'^ — )■ M"/A is the valuation map. From now on, we fix a A-periodic 
F-rational polytopal decomposition of M". Let denote the polytopal decomposition of 
M^/A induce from by quotient. Let ^ A — ^ M) be the Mumford model associated to 
"^0- Let be a connected strictly semistable formal scheme over K° and let ipo '■ 3^' M) 
be a morphism. We put X' := {^'Y'^ with d := dimX', and let / : X' — )■ A'^^ be the generic 
fiber of (fQ. 

Let S" be a stratum of We choose a formal open subscheme C such that S is 
a distinguished stratum associated to as in Proposition II. and fix an etale morphism 
ip : — )■ as in f ll.O.ip . Let rriij, for 1 < i < n and 1 < j < r, be integers which give the 
linear map f^s (cf. f ll.7.16p ). We define a homomorphism /i/,As : {^m)i^ ~^ i^m)i^ by 

Since (Gm)i'^ ^'^^^ ^'^^ naturally, we can make (Gm)i'^ ^'^^ ^'^^ ^fAs- 

Lemma 2.2. With the notation above, let p E S r\ he a closed point. Recall that we put 
X'j^ip) := red^^,(p). Then the morphism 

/U;(,) : X'4p) ^ 

is {G^)l^-equivariant with respect to the {G^„i)f^- action on X'^lp) given in Lemma \2. 1\ and 
that on A^'^ induced by hf^^^. 

Proof. First we note that X'j^{p) C ('^')^'^ since p G As we saw in § IL7[ we have a 
commutative diagram 

(^/)an (G;^)^'^ X V 



\ an 

5 



where we adopt the notation in § 11.71 That reduces us to show that F is a (G^)^'^-equivariant 
morphism. The (GJ„)'^°-action on X'_^{p) in Lemma [2.11 is defined thought the isomorphism 
f l2.1.20p . Then the (G^)^'^-equivariance of F follows straightforwardly from the description 
of (I1.7.15P and the definition of hf /^^. □ 

Let ^ be a A-periodic F-rational polytopal subdivision of with the induced polytopal 
subdivision ^ of '^o, and let p : (f — )■ ^ be the Mumford model of A associated to ^. Let 
^ be the subdivision of S{^') given by 



{A5n/,ff(A)|5Gstr(^0,Ae<^} 



and let be the formal scheme associated to the formal analytic structure corresponding 
to ^. Then we have a morphism ip' : — )■ extending / : X' — )■ A™ by [17| Proposition 
5.14]. 
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Proposition 2.3. Let u E !^ be a vertex, As the canonical simplex of S{^') with u G 
relin Ag' and let R he the stratum of S^" corresponding to u (cf. Proposition li.^j) . Let 
A G ^ 6e the polytope with f^giu) G relin(A). Take a representative A E 'tf of A, and let 
qXlz J. be the morphism in U.6.13\) . Then, there exists a unique morphism : S ^ 3§ 
such that the diagram 

^ ^ ^rclinA 

7' 'WK\z ,. 

s J 

commutes. Moreover, this diagram is {G'^)^-equivariant, with respect to the {G"!^)^- action 
on R in Proposition \1.3\, that on ^reiinA induced by /i/,As o,nd the trivial actions on S and 
J. 

Proof. Let us define the morphism S ^ ^ first. Since there is a local section of i', we can 
define locally on 5 a morphism from S io i3S which is compatible with 'qK\z y ^' ■ Since 
the fiber of t' is an algebraic torus and ^ is an abelian variety, any fiber contracts to a point 
by qXlz 1- s; ° V' ■ That implies that the local morphism from S" to defined just above 
does not depend on the choice of local sections of l'. Accordingly, the local morphisms patch 
together to be a global morphism 5" — )■ i^, which satisfies the commutativity of the diagram. 
The uniqueness is clear from the construction. 

It now remains only to show that ip' : R ^ -^reiin a (GJ„)K-equivariant. Take an arbitrary 

p G S* n We have relations R = red^//(Var V)) and {u} = Val((red5r")"H{p} X5 ^)) 
by Proposition 11.21 Since 

^ {f{{Ted^")-\{P} xs R))) = 7,ff (Val((red,^-.)"'({P} R))) = 1 A^) G relin A, 
we see that / can be restricted to a morphism 

(2.3.23) (red^")~^({p} XgR)^ ^"\relin(A)). 

Since [p] XsR is stable under the (GJ!„)]^-action, the subspace (red^//)~^({p} x^i?) of X'_^_{p) 
is stable under the (G^)'^°-action. Accordingly {G^)f acts on (red^'/)~^({p} XsR), and 
by virtue of Lemma [2.2[ we find that the morphism f l2.3.23p is (G[„)'^'^-equivariant. Taking 
the reduction with respect to red,^// and red^, we find that {p} Xs R ^ ^reiinA i'^rn)k~ 
equivariant with respect to our actions by virtue of Lemma 12. 1[ Since S fl is dense in 
S and p G 5 n is arbitrarily chosen, that means that R ^reimA (G^)]g-equivariant. 
Thus we prove our assertion. □ 

3. Initial degeneration and non-degenerate strata 

We adopt the same notations and convention as those fixed in § 12.21 

3.1. Torus parallel to a polytope. Let a C M"7A be a F-rational polytope. We recall the 
notion of the torus parallel to a. First we note that our (G"J]^ is identified with Spec(K[M]), 
where = Z" and M := N*. Let cr C M" = Ak be a polytope which is a lift of a, and 
let L^. be the linear subspace spanned by a — u for u G ex. depends only on a. Set 
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M-L := (Lg^n A^)-*- C M. Then Spec(K[M^]) is an algebraic torus of dimension n — dim a and 
we have a canonical surjective homomorphism Spec(]K[M]) — )■ Spec(]K[M^]). We define the 
torus parallel to a, to be its kernel, which is denoted by T^. Note that dimT^ = dim a. 

Let S" be a strata of of codimension r. Again we take be an formal affine open 
subscheme C such that 5" is the distinguished stratum associated to (cf. Proposi- 
tion ll.ip . and fix an etale morphism : — > as in fll.O.ip . Let As be the canonical sim- 
plex in the skeleton S{^') corresponding to S. We consider in the case of a := f^gi^As). 
We express /^^g as in fll.7.161) . putting 



Hf 



a.SJ 



'mil 



mi/ 



rrir 



the matrix corresponding to /ag, We can describe the torus parallel to a in terms of L{f 
like this: The linear subspace is equal to the image of /ag. Then we can see that 
coincides with the image of the homomorphism 

namely, = Image /i/^As • 

3.2. Initial degenerations and non-degenerate strata. Gubler defined the notion of 
non- degenerate strata with respect to / for canonical simplices in 6,3], which we recall 
here. The morphism <^o • -^^^ in § 12.21 gives us a morphism LpQ : S ^ hy taking 

the special fibers. Then [171 Lemma 5.15] tells us that there is a lift : S ^ oi i^q. 
We say a canonical simplex As is non-degenerate with respect to f if dim f^fi{As) = dimAg 
and dim $o(^o('S')) = dim 5, where : S'q ^ is the surjective morphism in the Mumford 
model of the Raynaud extension (cf. § II. 6p . It does not depend on the choice of $0. 

We would like to describe the condition of dim $o(go('S')) = dim S by using /3a, when we are 
in the situation of Proposition 12.31 We consider a morphism lq : S'q and Tq : ^ ^ M) 

extending the identities, with the notation in § 12.21 Let A G ^ be a polytope taken in 
Proposition 12.31 and let Aq G ^0 be the polytope with relinA C relinAo. Then restricts 
to ^relinA ~^ ^A^y wc have a commutative diagram 



R 



S 



P\2 



relin A 



'-0 



^ relin A 



to 



id 



^ ^relinAo ^ Z 



90 



rclin A. 







where g : (f — )■ is the morphism as in § 11.61 We can take a lift $0 of ipo such that 

$0(5') C ^relinAo; ^ud WC SCC that 

/3a o 6', 



go o $0 o 6' = g o (pU,,nnA) ^ ° "P' 



which concludes that /3a = ^o°'^o- Accordingly we find that, in the setting of Proposition |2I 
As is non-degenerate with respect to / if and only if dim f^^^As) = dim As and dim /3a(5') 
dim S. 
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Remark 3.1. Let be the formal model of X' corresponding to 3i and let u be a vertex 
of a subdivision of 5'(<^'), with the corresponding stratum R of . Let us consider 
the diagram in Proposition 12.31 in the case of dim A = 0, that is, A = {w\ = {/afr(w)}. 
Then, we can see dimip'{R) = d if As is non-degenerate with respect to /. In fact, the 
torus T" parallel to f^f^^As) is equal to the image of hj^As: hence it is of dimension 
dim /g^jf (A5). Moreover, we find that T" acts on ip'{R) by Proposition I2.3[ and this action is 
free since the (GJ^)£-action on Z^j is free as remarked in § 11.61 Since any T"-orbit contracts 
to a point by : Zyj ^ in fll.6.13p . where w G M" is a representative of W G ]R"/A, we 
have dimip'{R) > dim + f^g^As). By our assumption of non-degeneracy of As 
with respect to /, we have dim /^^{As) = dimA^, and dimS' = dim f3w{S), the latter of 
which equals dim q^{ip'{R)). Therefore, we have 

d > dim ip'{R) > dimTi^^ip'^R)) + dim/3^fj(A5) = dimS" + dim As' = dimi? = d 

and hence we obtain dim<^'(i?) = d. 

Lemma 3.2. Let u be a vertex of a subdivision 3l of S{^') and let R be the stratum of S^" 
corresponding to u. Let G {^")^^ be the point corresponding to the generic point of R. 
Then m = ^/j- 

Proof. It follows from [T71 Proposition 5.7 and Corollary 5.9 (a)] that u = Val(^/j). Since 
Val restricts to the identity on S{^'), it remains to show G S{^"), but it is done in the 
proof of [17, Corollary 5.9 (g)]. □ 

Let X be an irreducible closed subvariety of A. Recall that in^(X) denotes the initial 
degeneration over a F-rational point w G ]R"/A (cf. (11. 6. lip ). Let W be an irreducible 
component of in^(X). Since W C in^(X) C Zjjj and we have a map : Z^j — )■ ^ for a 
w G M" over w, we can consider the image q^{W) C We put b(W) := dimq^{W) and 
call it the dimension of the abelian part of W . 

Now we can state one of the most important assertions, which will play a crucial role in 
the proof of Theorem 14. 5[ 

Proposition 3.3. Let X be a d-dimensional closed subvariety of an abelian variety A and 
let be the closure of X in Suppose that our morphism (fo : 2^' — > =2^ factors through 
SJq to be a semistable alteration for Let / : X' — )■ A^'^ be the generic fiber of ^q. 

For a T-rational point w G val(X'^'^), let W be an irreducible component of inyj{X), and let 
^VK G X^"^ be a point corresponding to the generic point of W G S^q. Let u be a point in 
S{^') and let S be a stratum of S^' such that f[u) = C,w O'^d u G relin(A5). Let T" be 
the torus parallel to f ^^{As)- Then, T" acts freely on W , and furthermore, the following 
statements are equivalent to each other, in which S := W/T" . 

(a) As is non-degenerate with respect to f . 

(b) dimS = b{W). 

(c) dimS < blw). 



'One can find the definition of semistable alteration in § 14.11 
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Proof. Let ^ be a F-rational subdivision of such that w itself is a vertex of Let 3^" 
be the formal model of X' associated to the polytopal subdivision 

As>nTj(A)\ S' e str(i^'), A e W 

of S{^'), and let l' : J^T" — denote the natural morphism extending the identity on the 
generic fiber. Let R G str(^") be the stratum corresponding to u and put r := dim A5. We 
know i'{R) = S. We fix a formal affine open subscheme C J^' with an etale morphism 
as in f ll.O.ip such that S* is a distinguished stratum associated to Then (GJ^)^ acts on 
R, which makes t' : R ^ S a. torus bundle of relative dimension dimA^ (cf. Lemma [2.11 
and Proposition II .Sp . Let be the Mumford model associated with By virtue of [T71 
Proposition 5.14], we have a unique morphism ip' : — )■ extending /. Let us take a 
representative w G M" of w. Taking account that 

7aff(w) = val(/(M)) = val(^H') = W G relin{w}, 

we obtain a commutative diagram 



R 



S 



qw 



which is moreover (G^)]^-equivariant, by Proposition] 

The proof is given by an argument similar to that in Remark |3. II Our assumption f{u) = 
together with Lemma [22] tells us that the generic point of R is mapped to that of W. 
Since in^(X) is a closed subset of Zjjj, so is W, and hence W coincides with the closure of 
(p'{R) in Zjjj. Accordlugly, by the (GJ!„)£-equivariance of : i? — )■ Zjjj, we find that W is 
stable under the (G5„)]^-action induced by /i/,As- Since T" is equal to the image of /i/,As, we 
see that W is stable under the action of T". Since the action of T" on Zjjj is free (cf. § 11.61) 
and W C Zjjj, the action on W is also free. Thus we obtain our first assertion. 

Next let us prove the equivalence between (a), (b) and (c). Since S is the quotient of W by 
the action of {G'^m)k induced by h^^j : (G^)]^ — t- T" and since R/^G"^)^ = S, the composite 
R ^ W ^ E factors through R S. Putting T := q^(W), we then have a commutative 
diagram 



R 



S 



> w 



T 



Zj, 



We have dimS > dimT = b{W) since H — )■ T is dominant. Taking into account the fact 
that the relative dimension of — > S is equal to dimT" = dim /^^^(As'), we then have 

(3.3.24) dimS = d-dimAs <d- dim7^g(As) = dimS. 

On the other hand, since ip' : R ^ W is dominant, we see that 5 — S is dominant and 
hence dim 5* > dimS. Consequently, we always have dimS' = dimS > b{W), and conclude 
dim A5 = dim/^g(A5) by ( I3.3.24p in the setting of this proposition. 
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Now the equivalence between (b) and (c) is obvious. To show the equivalence between (a) 
and (b), we only have to show that dim 5* = dim Pw{S) if and only if dim S = b{W). However, 
it is also obvious since we know that dim S = dim S and dim Pw{S) = dim q^{(p'{R)) = b{W). 

□ 

Remark 3.4. We always have dim S > b{W) in the situation of Proposition 13. 3[ as men- 
tioned in the above proof. 

4. Strict supports of canonical measures 

In this section, let K always denote a subfield of IK such that the valuation of K restricts to 
a discrete valuation on K, and we assume that K is complete with respect to this valuation. 
Note that the value group of i^' is a discrete subgroup of Q. Let K° denote the ring of integers 
of K, which is a discrete valuation ring. For a variety X over K and a scheme X finite 

/ ^ \ an 

type over K°, we let and A*^" stand for {X XspecK SpecK)^° and ix Xgpfi^o Spf K°j 

respectively, which are analytic spaces over K. Although we deal only with analytic spaces 
which can be defined over K in this section, it is enough for our latter applications (cf. § l5.ip . 

4.1. Semistable alterations. Let ^ be a connected admissible formal scheme over K. A 
morphism — )■ ^ is called a semistable alteration for ^ if is a connected strictly 
semistable formal scheme and it is a proper surjective generically finite morphism. The 
purpose of this subsection is to give some remarks on the existence of semistable alteration 
for a model of a closed subvariety of an abelian variety. 

Let A be an abelian variety over K. First we recall that the Raynaud extension over K° 
exists for A, replacing by a finite extension in K if necessary (cf. [TJ Theorem 1.1]). Then, 
we have an exact sequence 

1 > f° > A° > B > 

of formal group schemes over K°, where T° is a formal torus over K°, A° is the formal 
completion of a semiabelian scheme over K°, and B is the formal completion of an abelian 
scheme over K°. Moreover, the base-change to K° of the above sequence is nothing but the 
exact sequence (11. 3. 41) for A XspecK SpecK. 

Let ^ be a A-periodic rational polytopal decomposition of M" and let ^ denote the 
induced polytopal decomposition of M"/A. Replacing by a finite extension in IK if necessary 
again, we may assume that the coordinates of any vertex in ^ sit in the value group of K. 
Then the Mumford model associated to ^ can be defined over K°, i.e., there exists a 
formal model A of A over K° such that — A XspfE'o Spf IK°, because the construction 
of the Mumford models in [171 4.7] can work over K° without any change. In fact, the 
polytopal domain in [T71 4.5] can be defined over K by our assumption on and we 
can take an affinoid atlas X of B given by 

T = {"^^"^ I is a formal affine open subscheme of B}, 

where each V & 1 is defined over K. Therefore each Uv,a in [13 (7)] is defined over K, and 
hence we can make a formal analytic variety over K with the formal atlas {Uv,a} above by 
the same way as Gubler did in [17j 4.7]. Let A be the formal scheme over K° corresponding 



We simply say "rational" for "Q-rational" . 
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this formal analytic variety. By the construction, we see that Ax^pfx° Spf K° coincides with 
the Mumford model ^ over K° recalled in § 11.61 

Let A be an abelian variety over IK and let X be a closed subvariety of A. Suppose that 
both of them can be defined over K. For a rational polytopal decomposition the closure 
^ of X in the associated Mumford model can be defined over K°. Then |13l Proposition 
10.5] gives us a projective scheme Xi — )■ Specif" with generic fiber X, and a dominating 
morphism 

'.= X\ Xspfj^o Spf ]K° — >■ 

extending the identity on the generic fiber, where Xi is the formal completion of Xi along its 
special fiber. In fact, the statement of [KT, Proposition 10.5] is given under the assumption 
that the base field K is algebraically closed, but the proof delivered there works well also in 
our situation without any change. Applying [TT| Theorem 6.5] to Xi and take the completion 
and the base-change to K, we obtain a semistable alteration — Consequently, we 
find that there is a semistable alteration — )■ by composition. 

Remark 4.1. The semistable alteration constructed just above has a property 

that the generic fiber (,^')™ — )• X'^'^ is the analytification of a morphism between projective 
varieties defined over a finite extension of K. In the sequel, we consider semistable alterations 
which satisfy this condition only. 

4.2. Canonical measures and the canonical subset. Let X be a proper variety over K, 
and let L be a line bundle on X. Gubler defined the notion of admissible metric on L (cf. 
[T7t 3.5]). If L is a line bundle on X endowed with an admissible metric, then one can define 
a regular Borel measure Ci(L)^'' on X'^^ with suitable properties ([171 Proposition 3.8]). It 
was originally introduced by Chambert-Loir in [9j. Here we recall one important property of 
these measures: if / : X' — )■ X is a morphism of d-dimensional geometrically integral proper 
varieties over K, then f*L is an admissibly metrized line bundle on X' and 

^ic^irLr'') = degif)c^(Lr'. 

Let A be an abelian variety over K and let L be an ample line bundle on A. As mentioned 
in [TTJ Example 3.7], we have an important metric, called canonical metric, on L, and the 
canonical metric is admissible. In the sequel, let L always denote a line bundle endowed 
with a canonical metric for a line bundle on an abelian variety. For an irreducible closed 
subvariety X of A of dimension d, the restriction L\x is a line bundle on X with an admissible 
metric (cf. [T71 Proposition 3.6]). We can therefore define a canonical measure 

fJ'X^'^,L ■= -. —ci{L)^'^, 

deg^X 

which is a probability measure. 

Let <^ be a model of X C A in a Mumford model of A, and let — )■ ^ be a semistable 
alteration satisfying the assumption in Remark 14.11 As we saw in § 14. 1^ there always exists 
such a semistable alteration in our situation. Put X' := (^')^° and let / : X' — )■ ^4^° be the 
composite {J^')^^ — )■ X^"^ — )■ A'^^ as before. Then we have a measure 

1 



STRICT SUPPORTS OF CANONICAL MEASURES AND APPLICATIONS TO THE GBC. 



25 



on X', and we have 

(4.1.25) f*l^x'j*L = l^x-'\L 
as we recalled above. [T71 Corollary 6.9] tells us that 

(4.1.26) ^^x'J*L = ^rs6As, 

As 

where runs through the set of non-degenerate canonical simplices, is the Lebesgue 
measure on As, and all coefficients rs are positive. In particular fix'j*L is supported by 
S{^')nd-f, the union of the non-degenerate canonical simplices of S{^') with respect to /. 

Since the non- degeneracy of /S.s does not depend on L, the support of fJ'X'j*L does not 
depend on L. Therefore the support of iix^^,l is exactly the image of )nd-f, which 

implies that the support of [j,x^^,l depends only on X. Gubler called the support of f^x^'\L 
the canonical subset of in [T71 Remark 6.11], which we denote by S'^^n in this article. 
According to [T71 Theorem 6.12], S'^^n has a canonical rational piecewise linear structure. It 
is characterized by the property that for any model ^ oi X ma, Mumford model and for any 
semistable alteration (p : — )■ the induced map (v^)^'^|5(ir')nd-/ • S{^')nd-f -> Sx^^ is 
a finite rational piecewise linear map (cf. [T71 Theorem 6.12]). 

Since Sx^^ is a rational piecewise linear space, we can consider a rational polytopal decom- 
position S of ^xan. Recall that val : A^^ — )• M"/A denotes the valuation map. A polytopal 
decomposition S is said to be descendible if val*(S) := {val(cr)|cr G S} is a polytopal decom- 
position of val(X^°) and if val|o- : o" — )■ val(o") is an isomorphism. We can see that for any 
rational polytopal decomposition S of Sx^^, there exists a rational subdivision S' of S which 
is descendible. To see that, we ffist note that val restricts to a surjective piecewise linear 
map val|sjfan : Sx'^^ — ^ val(X^'^) with finite fiber since so is val o / : S{^')nd-f — ^ val(X™). 
Accordingly, for each polytope cr G S, the image val(cr) is a polyhedron, which implies that 
there exists a polytopal decomposition S of val(X'^'^) such that val((T), for any a G S, is 
a finite union of polytopes in E . Then, for any ct' G E , val restricts to an isomorphism 
from each connected component of val (relin(a')) to relin(CT'). Collecting the closures of all 
connected components of val (relin(CT')) for all a' G s', we can obtain a polytopal decom- 
position S' of S'xan such that val(cT') G S for any a' G S'. Thus we obtain a subdivision of 
S which is descendible. 

4.3. Strict supports of canonical measures. In this subsection, we define the notion of 
strict supports, and investigate the strict supports of a canonical measure on the canonical 
subset. 

Definition 4.2. Let ^ be a polytopal set with a finite polytopal decomposition S, and let 
/i be a semipositive Borel measure on 1^ . We say that cr G S is a strict support of /i if there 
exists an e > such that /i — ed^ is semipositive, where 5^ is the relative Lebesgue measure 
on a. 

Let s^o be the Mumford model of A associated to a rational polytopal decomposition 
of M"/A and let be the closure oi X in s^q. Let (po : he the composite of 

a semistable alteration S^q with ^ ^o, and put / := {^p^Y^ ■ ^' ^ A 
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polytopal decomposition S of Sx^^ is said to be (fo-subdivisional if for any non-degenerate 
simplex A5 of S{^'), the image /(A5) is a finite union of polytopes in S. There exists a 
V^o-subdivisional rational polytopal decomposition for any ipo since /|as : A5 — i- Sx^n is a 
piecewise linear map for any non-degenerate As- 

We give a remark on the structure of canonical measures here. Let ^x^^,l be the canonical 
measure on X^°, and let S be a descendible y^o-sub divisional rational polytopal decomposi- 
tion of Sx^n. Then, by virtue of [171 Theorem 1.1, Theorem 6.7 and (39)], we can write 



vaU(/ix-",L) = "^r^S: 



vsd(a) 1 
o-GS 

where r„ > and is the Lebesgue measure on val(cr). Since val is an affine map on 

each 0" G S, we can write 



(4.2.27) /zx-L = 5^r>,, 



o-gS 

where where > and 6cr is the Lebesgue measure on a. 

Lemma 4.3. Let T, be a descendible (fQ-subdivisional rational polytopal decomposition of 
S'xan, and take any a G S. Then, a is a strict support of ^x>^^,l if O'nd only if there exists a 
non- degenerate canonical simplex such that dim A5 = dim a and a C /(A^). 

Proof. As we noted in the previous subsection, a canonical simplex A^ is a strict support 
of Hx'j*J, if ^^"i '^'^ly if is non-degenerate with respect to / (cf. f l4.1.26p ). Taking into 
account that S is yjo-subdivisional, we see from fl4.1.25p that o" is a strict support of /ix^^^.L 
if and only if there exists a non-degenerate A^ such that dim/(A5) = dim a and that 
cr C /(As'). Moreover we have dim/(As) = dimA^ since As is non-degenerate, and thus 
we obtain our assertion. □ 

Let us fix an arbitrary rational point w G val(X^'^). For an irreducible component W of 
'm.yj[X), let denote the point of X^^ corresponding to the generic point of W . Note that 

Lemma 4.4. Let H be a descendible (fo-subdivisional polytopal decomposition of Sx^^. Sup- 
pose that a E is a strict support of fix^^\L- Then for any rational point t G relino" there 
exists a unique irreducible component W of in-^f^^^{X) with t = ^vf- 

Proof. The uniqueness is obvious since W 7^ W implies ^ ^^/. Let us prove the 
existence of W . Since S is 930-subdivisional and a is a strict support of fix^^,L, there exists 
a non-degenerate stratum A5 of S{^') such that dimAs = dim a and that /(A^) D cr by 
Lemma We can take a point u G relin A5 with f{u) = t, and put w := val(t). 

Let ^ be a rational subdivision of '^0 such that w itself is a vertex in ^. Let ^ be a 
subdivision of S{^') given by 



^ = {A5 n (/,ff)-^(A) \s G str(^'), A e 



Then m is a vertex of S). Let £^ be the Mumford model of A associated to the formal 

model associated to the subdivision Qi and let R be the stratum of corresponding to u. 
Then we have an extension ip' : of / : X' — )■ A^'^. Let W be the closure of the 
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image (p'{R) in Z^j. Since (p'{R) C in^(X) and in^(X) is a closed subscheme of Z^, we see 
that W C in^(X). Since As is non-degenerate, Remark [3A] tells us that dimVT = d, where 
d = dimX. Taking into account the dimension, we then conclude that W is an irreducible 
component of in^(X). Since the point in (^')^° corresponding to the generic point of R 
maps to ) we obtain t = f{u) = by Lemma \^72\ as required. □ 

We know that the image of a non-degenerate stratum in the canonical subset is a strict 
support of a canonical measure (cf. Lemma [4.31) . Now we can show the following statement, 
which says that its converse also holds true: 

Theorem 4.5. Let L be an ample line bundle on A. Let H be a descendible (fQ-subdivisional 
polytopal decomposition of Sx^^^, and leta eT, and S be a stratum of such that f{As) D a 
and dim/3^fj(A5) = dimval((T). Then As is non-degenerate with respect to f if and only if 
a is a strict support of l^x^^,L■ 
Proof. The "only if" part is immediate from Lemma H73l Let us show the "if" part. Since S is 
9?o-divisional and o" is a strict support of ^x^^,Li we can take a non-degenerate canonical sim- 
plex As' of S{^') such that a C /(A^/) and dimu = dim A5/ by Lemma SSI Note that we 
have val(cr) C /^^(As), val(o-) C J ^^{As>) and dimval(cr) = dim7^ff(As) = dim7^g(A5/). 

Take a rational point t G relina and put w := val(t). Since cr is a strict support of /ix^",L, 
there exists a unique irreducible component W of in^(X) with t = by Lemma 14.41 Let 
T" be the torus parallel to val(cr). Since A5/ is non-degenerate with respect to / and T" is 
also the torus parallel to f^Q{As'), we have dimVT/T" = b(W) by Proposition 13.31 Since T" 
is also the torus parallel to /^^^(A^), we conclude that A5 is non-degenerate with respect to 
/ again by Proposition 13.31 □ 



5. NON-DENSITY OF SMALL POINTS AND THE GEOMETRIC BOGOMOLOV CONJECTURE 

5.1. Notations, convention and remarks. Let k be an algebraically closed field, ^ an 
irreducible normal projective variety over k, and let H be an ample line bundle on 530 Let 
K be the function field of 03, and let K be an algebraic closure of K. All of them are fixed 
in the sequel. 

For a finite extension K' of K, let 23^' denote the normalization of 03 in K' . Let Mk' 
denote the set of points in 03 x' of codimension one. For any w G Mk', the local ring 0(Bj^,,w is 
a discrete valuation ring with the fraction field K', and the order function ord^ : {K')^ — >■ Z 
gives an additive discrete valuation. If K" is a finite extension of K', then we have a canonical 
finite surjective morphism ^k" ^k', which induces a surjective map Mk" — )■ Mk'- Thus 
we have an inverse system {Mk')xii where K' runs through the finite extensions of K in 
and hence we define := 1^^, Mk'- We call an element of M-j^ a place of K. Each place 

V = {vk')k' £ M-i^ determines a unique non-archimedean multiplicative value | ■ |„ on i^' in 
such a way that the following conditions are satisfied. 

• The restriction of | ■ |^ to i^' is equivalent to the valuation associated with the order 
function ord„^, . 

• For any x G K^, = e"™'^"^^. 



We assume *B to be a curve in § 15.61 
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Through this correspondence, we regard a place of ii" as a valuation of K. For a f G M-^, let 
denote the completion of K with respect to f . It is an algebraically closed field complete 
with respect to the non-archimedean valuation | ■ |^. 

For each vk G Mk-, let | ■ \vk,'H be the valuation normalized in such a way that 

Ul ^ ._ p-(ord„ a::)(deg^ t)if) 
\-^\vK,n ■ ^ 1 

where deg-^ vk stands for the degree of the closure of vk in 25 with respect to T-L. It is well 
known that the set 2J := {| ■ \vk,h\v(^Mk of valuations satisfies the product formula, and 
hence we can define the notion of heights with respect to this set of valuations, namely, an 
absolute logarithmic height with respect to QJ (cf. [T9l Chapter 3 § 3]). The "height" in this 
article always means this height. 

Let F/k be any field extension. For a scheme X over /c, we write Xp := X Xspecfc SpecF. 
If : X — )• y is a morphism of schemes over fc, we write (()p : Xp — )■ Yp for the base extension 
to F. _ _ 

Let X be an algebraic scheme over K. For each place v of we have a Berkovich analytic 
space associated to X Xgp^^;^ Spec i^'t,. We write X^ for this analytic space. Let A be an 

abelian variety defined over K and suppose that X is a subvariety of A. Then A and X 
can be defined over a finite extension of K in K, and hence A^ and X^ can be defined 
over a valuation subfield of of which valuation is a discrete valuation. Therefore, the 
assumptions in § H] are fulfilled for them, and we can apply the arguments and the results in 
§ m in this setting. 

5.2. Geometric Bogomolov conjecture. Let L be an even ample line bundle on an 
abelian variety A over K, where "even" means [— 1]*-^^ = L. We have the canonical height 
function '■ A{K) — >■ M, which is a non- negative function. 

Let X be an irreducible closed subvariety of A. For a positive number e, we put 

X(e; L) ■= {x G X{K) \ Kl^x) < e}. 

We say X has dense small points if X{e; L) is Zariski dense in X. Recall that this notion 
does not depend on the choice of an even ample line bundle L (cf. [29| Definition 2.2]). We 
define the stabilizer of X by 

(5.0.28) Gx ■■= {a e A\ a + X C X}. 

It is a closed subgroup of A. Next we recall the notion of special subvarieties defined in 
[29]. Let (a^/^, Tta^ be the K/k-tmce of A, that is, A^^'' is an abelian variety over k and 

Tr^ : {A^/'^)j^ — )■ A is a homomorphism, and they satisfy the following universal property: 
for any abelian variety A' over k and for any homomorphism (p : Ai^ — )■ A, there exists a 

unique homomorphism Tr(0) : A' — )■ A^^'^ over k such that TrAoTr(0);^ = 0. We refer to 
[18] and [19] for details. Then we say X is special if there exist a torsion point r G A[K) 
and a closed subvariety X' C X^^^ over k such that 

X = Gx + Tr^ (Xy + r. 

We say a point x G A is a special point if {x} is a special subvariety. In the definition of 
special subvarieties above, we can replace the condition for r being torsion by that for r 
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being special (cf. [291 Remark 2.6]). Note also that X is a special subvariety of A if and 
only if X/Gx is a special subvariety of A/Gx (cf. PSl Proposition 2.11]). 

Remark 5.1. We can see that X is a special subvariety if and only if there exist an abelian 
variety G over k, a closed subvariety X' G G, a homomorphism (p : G-j^ — )■ A, and a torsion 
point r G A{K) such that X = Gx + 4>{X^) + r. In fact, the "only if" part is trivial, 

and "if" part is also easy since we have a homomorphism Tr((/)) : G — ?■ A^^'' such that 
(f) = Tta o TT{(f))j^ by the universality of the trace. 

A point is special if and only if it is of height zero (cf. [291 (2.5.4)]), and hence {x} 
has dense small points if and only if x is a special point. In other word, for an irreducible 
subvariety of dimension zero, being special is the same thing as having dense small points. 
Even in the case of positive dimension, it is not difficult to see that any special subvariety 
has dense small points (cf. [29] Corollary 2.8]), but we do not know whether the converse 
holds true or not in general. The geometric Bogomolov conjecture insists that it should hold 
true: 

Conjecture 5.2 (Geometric Bogomolov conjecture for abelian varieties). Let A be an 
abelian variety over K and let X C A be an irreducible closed subvariety. Then X should 
not have dense small points unless X is a special subvariety. 

Although there are some partial answers (cf. [El [29]), this conjecture is still open in full 
generality. In the rest of this paper, we will apply Theorem 14.51 to show that the geometric 
Bogomolov conjecture holds for a large class of abelian varieties including the cases of [T5] 
and [29] (cf. Corollary 15. 14p . and we will also show that the geometric Bogomolov conjecture 
for all abelian varieties can be reduced to that for abelian varieties without degeneration (cf. 
Theorem 16.31 and Corollary 16. 4p . 

5.3. Tropically trivial subvarieties and density of small points. We begin this sub- 
section with a definition: 

Definition 5.3. Let A be an abelian variety over K and let X be an irreducible closed 
subvariety of A. We say X is tropically trivial if val{X^) consists of a single point for any 
V G M-j^, where val is the valuation map for A^. 

From the viewpoint of the geometric Bogomolov conjecture, it is interesting to ask when 
a closed subvariety of an abelian variety does not have dense small points. The following 
theorem is an answer to it, which tells us that if a subvariety, after divided by its stabilizer, 
is tropically non-trivial at some place, then it should not have dense small points: 

Theorem 5.4. Let A be an abelian variety over K and let X be a closed subvariety of A. 
If X has dense small points, then the closed subvariety X/Gx of A/Gx is tropically trivial. 

Proof. Suppose that we have a counterexample X: A certain subvariety X has dense small 
points but there exists a place v G A% such that val ((X/Gx)?;) is not one point. Then we 
may assume that the stabilizer Gx is trivial since X/Gx is also a counterexample by [291 
Lemma 2.1]. 

We consider a homomorphism a : A^ — > A^~'^ defined by (xi, . . . ,xn) ^ ix2—xi, . . . ,xn — 
xat-i). Put Z := X^ C A^ and Y := a{Z). Since Gx = 0, the restriction Z — )■ F of a is a 
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generically finite surjective morphism for a large (cf. jSU Lemma 3.1]), and we fix such 
an A^. Let the same symbol a denote the morphism — )■ between associated analytic 
spaces over K^. 

Let hjs^N and hj^N-i be the canonical height function associated to even ample line bun- 
dles on and A^"^ respectively. Since X has dense small points, so does Z (cf. [29| 
Lemma 2.4]), and we can find a generic net {Pm)meij where / is a directed set, such that 
limm hz{Pm) = (cf. [151 Proof of Theorem 1.1]). The image {a{Pm))mei is also a generic 
net of Y with lim^ /iY(a(Pm)) = 0. Let K' be a finite extension of in iiT over which A 
and X, and hence Z and Y are all defined. For a point P in Z{K) or in Y{K), let 0{P) be 
the Gal(-ft'/-ft'')-orbit of P. Then by the equidistribution theorem [TS", Theorem 1.1], we find 

""'-"^ '-^ Ml^l ^ '^^-"^ ■= |0(a(P^))| 5Z 

weakly converge, as m — )■ oo, to the canonical measures fiz^ on Z^ and to /iy„ on Yy associated 
to even ample line bundles respectively. Since a*{i^Zv,m) = ^Yv,m, we obtain cx^,{^z^) = /^y„- 
Note in particular that a{SzJ) = Sy^, where Sz^ and Sy^ are the canonical subsets. 

We take Mumford models of v4^~^ and of A^ respectively so that the map a extends to 
a morphism between the Mumford models. Let ^ and ^ be the closure of Yy and Zy in 
these Mumford models respectively. Let : — )■ ^ be a semistable alteration for ^ as 
in § 14.11 Note that the composite ip : — > ^ — ^ is a semistable alteration for Let 
g be the composite {^')^'' ^ Zy ^ A^-^ and put h := a o g : {^'f^ A^ . 

Let us choose a descendible sub divisional rational polytopal structure S^^ of Sz^, and 
a descendible T/^-sub divisional one Ey„ of 5'y„. Taking a subdivision of S^^ if necessary, we 
may assume that for any a' G E^^, there exists a unique a" G Sy„ such that relin(a((T')) C 
relin((j"). Since val(X„) contains a polytope of positive dimension by our assumption, and 
since val(Xt,) coincides with the support of val*(/ix„) by [T71 Theorem 1.1], there exists a 
positive dimensional polytope P of val(Xt,) such that val*(yUx„) — ^^p is semipositive for 
a small e > 0. Using [291 Lemma 4.1 and Proposition 4.5], we see that val*(/iz„) — e^piv 
is semipositive for a small e > 0. It follows that there is a polytope a G such that 
relin(val(cT)) fl relin(P^) ^ 0, dimval(cr) = dimP^, and that cr is a strict support of 
^z^- Since clafr is an affine map and it contracts the diagonal of P^ to a point, we have 
dimaafT(P^) < dimP^ and hence dim val(a((j)) < dimval((T). This inequality concludes 

(5.4.29) dima((T) < dim a 

since the dimension of a polytope in the canonical subset coincides with that of its tropical- 
ization. 

Let r G Sy„ be a polytope such that Te\m.{a{a)) C relinr. By our assumption on S^^ and 
Ey^ made above, such a polytope r uniquely exists and is characterized by the condition 
that relin(a(cr)) fl relinr ^ 0. We claim here that dimr = (\\m.a{a) and r is a strict support 
of yUy^. Take a non-empty compact subset V C relin(a;(cr)) which is the closure of an open 
subset of a(cr). Then there is an e' > such that a;*5o- — e'^y > 0. Since ex is a strict support 
of yUz„, there exists an e" > such that fiz^ — €"6^ > 0. Accordingly, putting e := e'e", we 
obtain 
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On the other hand, recall that we can write 

(cf. ( I4.2.27P ). Therefore we can find a polytope r' G Sy„ such that V C r', dimV^ = 
dima;(cr) = dimr' and such that r' is a strict support of /iy^. Since r is the unique polytope 
in Ey^ with C relin r, we conclude that r = r' and hence r is a strict support of /^y^ with 
dimr = dimy = (\\m.a{a). 

Since a is a strict support of Lemma 1473) gives us a canonical simplex A5 of 
non-degenerate with respect to such that g{^s) ^ cr and dimA^ = dim cr. We have 

dim/iaff(A5) = dimaafr(^aff(^5)) = dimaafr(val((7)) = dim val(a(cr)) = dmia{a) = dimr, 

and hence the polytopes h{As), r and a{a) have the same dimension. Since both h{As) and 
r contain a(cr) and Sy^ is ■?/'-subdivisional, we find h{As) D r. Since r is a strict support of 
/iy^. As must be non-degenerate with respect to h by virtue of Theorem 14.51 On the other 
hand, we have 

dimhas{As) = dima(cr) < dim a = dimAs 

by fl5.4.29p . That in particular says that A5 should be degenerate with respect to h. That 
is a contradiction and thus we obtain our theorem. □ 

The following assertion follows immediately since a special subvariety has dense small 
points: 

Corollary 5.5. If X is a special subvariety of A, then X/Gx is tropically trivial. 

Let us give a remark. The assertion of Corollary 15.51 itself can be shown directly, though 
we established it as a corollary of Theorem 15. 4[ In fact, after taking the quotient by Gx, 
we may assume Gx = and G X. Since X is a special subvariety, we can take an abelian 
variety A' over k, a closed subvariety Y G A' and a homomorphism a : A^ — )■ A such 
that a{Y-j^) = X, after translating X by a special point if necessary. Since A^ is nowhere 
degenerate, the subvariety Yj^ is tropically trivial, and hence its image X is also tropically 
trivial (cf. fll.3.1ip l 

5.4. The nowhere-degeneracy rank. In this subsection, we define the notion of nowhere- 
degeneracy rank of an abelian variety, and show some properties on it. 

An abelian variety A over K is said to be somewhere degenerate if A is degenerate at some 
place of K, and is said to be nowhere degenerate if Ay is non-degenerate for all v G Mj^. 

Lemma 5.6. Let A and A' be abelian varieties which are trivial or isogenous to the product 
of somewhere degenerate simple abelian varieties^ and let B and B' be nowhere degen- 
erate abelian varieties. Then, for any homomorphism (p : A x B ^ A' x B' , there exist 
homomorphisms (j)' : A A' and (p" : B B' such that = 0' x 0". 

Proof. It suffices to show that any homomorphisms ip : A ^ B' and tp' : B ^ A' are trivial. 
We first show the following claim, which is a special case of this assertion. 

""^■^With the notion of non-degeneracy rank, this condition can be stated as nd-rk(^) = nd-rk(j4') = (cf. 
Remark!^. 
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Claim 5.6.30. Let A be a somewhere degenerate simple abelian variety and let i? be a 
nowhere degenerate abelian variety. Then any homomorphism (p : A ^ B and any homo- 
morphism (p' : B ^ A are trivial. 

Proof. Let f be a place at which A is degenerate. We consider a homomorphism (p : A ^ B 
first, and suppose that it is not trivial. Since A is simple, (f) must be finite, and we have an 
exact sequence 

(A/Ker0)^ ^ B^^ (Coker^)^ 0. 

Note that (A/Ker0)^ is degenerate at v by Lemma ll.4[ On the other hand, since B^ is 
non-degenerate. Proposition 11.61 shows us that (A/Ker0)„ should be non-degenerate. That 
is a contradiction, and thus we see that is trivial. 

Next let us consider 0'. If it is not trivial, then 0' must be surjective since A is simple, 
and we obtain an exact sequence 

(KerV')i, 5^ 0. 

Then using Proposition 11.61 again, we obtain a contradiction similarly. □ 

Let us show that ip : A ^ B' trivial first. We may assume A to be non-trivial. 
We take somewhere degenerate simple abelian varieties Ai,...,As {s > 1) and an isogeny 
a : Ai X ■ ■ ■ X As ^ A. We define a homomorphism ipi : Ai — )■ B' as the composite 

Ai --^ Ai X ■ ■ ■ X As ^ A ^ B' 

of the canonical injective homomorphism Ai ^ Ai x ■ ■ ■ x Ag, a, and ip. Then ipi is trivial 
by Claim [5^6.301 for alH = 1, . . . , s, which tells us that ip o a is trivial. Since a is surjective, 
we conclude that ip is trivial. 

In order to show that ip' : B ^ A' is trivial, we may assume A' to be non-trivial as well, 
and take simple abelian varieties A[, . . . , A'^, (s > 1) and an isogeny a' : A' A[x ■ ■ ■ x A'^,. 
Let Pi : A[ X ■ ■ ■ X A'^, — )■ A'- denote the canonical projection. Then Claim 15.6.301 tells us 
that the homomorphism piO a' o ip' is trivial for any i = 1, . . . , s' , which implies that a' o ip' 
is trivial. Since a' is finite, we conclude that ip' is trivial. □ 

It is well known that any abelian variety is isogenous to the product of simple abelian 
varieties (cf. [20] )■ Applying this fact to an abelian variety A over K, we see that there exist 
an abelian variety A^ that is trivial or isogenous to the product of somewhere degenerate 
simple abelian varieties, and a nowhere degenerate abelian variety B, such that A^, x B is 
isogenous to A. If A'^ and B' are also such abelian varieties for A, then there exist isogenies 
A^:X B ^ A and A ^ A'^x B' . Applying Lemma [5^ to the composite of these two isogenies, 
we obtain isogenies A* — )■ A'^ and B — t- B' . It follows that the isogeny classes of such A^ and 
B above are well-defined for A. 

Definition 5.7. With the notation above, the isogeny class of B is called the nowhere 
degenerate factor for A. The dimension of a representative B of the nowhere degenerate 
factor for A is called the nowhere- degeneracy rank of A., which is denoted by nd-rk(74). 

Let -B be a representative of the nowhere degenerate factor for A. The above discussion 
shows that A is isogenous to A^,x B for some A*, and we automatically have nd-rk(y4,,) = 0. 

Remark 5.8. For an abelian variety A over K, we have nd-rk(y4) = if and only if A is 
trivial or isogenous to the product of somewhere degenerate simple abelian varieties. 
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The following assertion is a corollary of Lemma 15.61 

Corollary 5.9. Let (p : A ^ A' be a surjective homomorphism of abelian varieties. Then 
nd-rk(A) > nd-rk(A'). 

Proof. Let a : A^, x B A and a' : A' ^ A'^ x B' be isogenies of abelian varieties, where B 
and B' are representatives of the nowhere degenerate factors for A and A' respectively. Note 
that nd-rk(74*) = nd-rk(y4'^) = 0. Apply Lemma [5. 6 1 to a' o(f)oa, we obtain homomorphisms 
ip' : A^ ^ A'^ and ip" : B ^ B' such that a' o o a = %p' x ip" . Since a' o o a is 
surjective, we find that ip" is also surjective, which shows us dimi? > dim 5'. Thus we 
obtain nd-rk A > nd-rk A'. □ 

5.5. Proof of Theorem [D]. We give a proof of Theorem [Dl one of our main results, in this 
subsection. 

Before proving the proof, we would like to give a condition for an irreducible closed sub- 
variety to be tropically trivial. To do that, we show a property on the subgroup generated 
by a subvariety. For a subvariety X of an abelian variety A, let {X) denote the abelian 
subvariety of A generated by X, that is, the smallest abelian subvariety containing X. 

Lemma 5.10. Let X be an irreducible closed subvariety of an abelian variety A over K, 
with E X . Then is the smallest analytic subgroup of A^ containing Xy. 

Proof. Let us consider, for an Z G N, a morphism X^' — )■ A given by 

(5.10.31) {Xi,X2, . . .,X2l-l,X2l) (xi - X2) H h {X21-1 - X21). 

Let Xi be the image of this morphism. It is an irreducible closed subvariety of A. Taking 
account that G X, we find 

X C Xi C X2 C ■ ■ ■ C X, C ■ ■ ■ . 

Since each Xi is an irreducible closed subset, there exists Iq such that X/ = X^^ for all I >Iq. 
We have in particular IJ^gj^X; = Xj^. On the other hand, we have Xi + X^ C X;+m, G X; 
and —Xi = Xi for all /, m G N by their definitions. That tells us that IJ^gN -^i ~ -^h 
a subgroup scheme, and hence it is an abelian subvariety as Xi^ is an irreducible closed 
subvariety. Since (X) is an abelian subvariety containing X, we have Xi C (X) for all /. 
The minimality of (X) concludes (X) = X^^. 

Let B be an analytic subgroup of A^j containing X^. We then have B D iXi^)y by the 
definition of Xig, and hence B D (X)^,. That implies that (X)^, is the smallest analytic 
subgroup containing Xy. □ 

The following lemma will be used in the proof of Proposition 15.121 

Lemma 5.11. Suppose that A is a simple abelian variety degenerate at a place v, and let X 
be an irreducible closed subvariety of A. Then X consists of a single point if so does val(X^). 

Proof. Translating X by a point in A{K) if necessary, we may assume that G X. Then 

val{Xy) = {0} and hence Xy C val (0). Since val (0) is an analytic subgroup of Ay, 
Lemma [5.101 tells us (X)^, C Ay and hence (X) C A. Then we have (X) = {0} since A is 
simple, which shows our claim. □ 
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Proposition 5.12. Let X be an irreducible closed subvariety of an abelian variety A over 
K . Then the following statements are equivalent to each other. 

(a) X is tropically trivial. 

(b) Let A' be an abelian variety with nd-rk(A') = 0, B' a nowhere degenerate abelian 
variety, and let (p : A ^ A' x B' be a homomorphism. Then there exists a point 
a' e A'(K) such that 0(X) C {a'} x B' . 

Proof. We show that (a) imphes (b) first. We may assume A' to be non-trivial since otherwise 
our assertion is trivial. Let (p : A ^ A' x B' he a homomorphism as in (b). Let p : A' x B' ^ 
A' be the canonical projection and put ip := po0. It suffices to show that ipi^) consists of one 
point. Our assumption nd-rk(y4') = allows us to take an isogeny a : A' ^ A[ x ■ ■ ■ x A'^ 
such that each A'^ is a simple abelian variety which is degenerate at some place fj. Let 
Pi : A[ X ■ ■ ■ X A'^ ^ A'- be the canonical projection for each i, and put ipi := PiO Oioip. Since 
val(X„.) is a point by our assumption, so is \aX{jpi{X)v.) = ipi.^g{vaA{Xv.)), where ipi^^Q is the 
affine map defined in § ll.Sl for ipi. Then by Lemma fS.llj we find that ipi{X) is one point for 
all i, which implies that a o ip{X) is one point. Since a is finite and ip{X) is connected, we 
conclude ip{X) is one point. 

Next we show that (b) implies (a). There exists an isogeny (p : A A' x B', where A' 
is an abelian variety with nd-rk(A') = and B' is a representative of nowhere degenerate 
factor for A. Take an arbitrary v G M^. Since (p{X) C {a'} x B' for some a' G A'{K) and 
B' is nowhere degenerate, the set val(0(Xt,)) consists of a single point. Taking account that 
(/)aff(val(Xt,)) = val(0(X^,)), we find that (p^f^(yaA{Xv)) consists of a single point. Since 0aff 
is a finite map (cf. Remark [l-5p and val(X„) is connected, we conclude that val(X„) is one 



We are ready to prove Theorem [Dl It is a corollary of the following theorem. 

Theorem 5.13. Let A be an abelian variety over K and let X be an irreducible closed 
subvariety of A. Suppose that dimX/Gx > nd-ik A/Gx- Then there exists a special point 
xq G X{K) such that X = xq + Gx if X has dense small points^ 

Proof. Let (p : A/Gx — ^ A'^ x B' be an isogeny of abelian varieties, where B' is a representative 
of the nowhere degenerate factor for A / Gx ■ 

Suppose that X has dense small points. Then so does X/Gx by [291 Lemma 2.1], and 
hence X/Gx is tropically trivial by Theorem 15.41 Since nd-rk(y4'^) = (cf. Remark l5.8l (1)). 
it follows from Proposition 15 . 1 21 that there exists a point a' G A'^{K) such that Y := 0(X) C 
{a'} X B' . Then we obtain Y = {a'} x B' since dimF > nd-rkA/Gx = dim 5' by our 
assumption. Since X/Gx has trivial stabilizer and cp is an isogeny, we find B' = 0, which 
concludes that Y = {a'}. On the other hand, Y has dense small points by [291 Lemma 2.1], 
and hence a' is a special point of A'^ as we mentioned just above Conjecture 15.21 By [291 
Lemma 2.10], we can then take a special point Xq G X{K) such that a' = (p{9{xo)), where 
9 : A ^ A/Gx is the quotient homomorphism. Consequently, we have X/Gx = {^{^o)} 
and hence X = xq + Gx as required. □ 




□ 



This argument also shows that X is tropically trivial if there is an isogeny (p : A ^ A' x B' such that 
B' is nowhere degenerate and that (^{X) C {a'} x B' for some a' € A'{K). 

In the setting of this theorem, note that dim. X/Gx = and hence nd-rkA/Gx = as a result. 
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Corollary 5.14 (Theorem [Dl). Let A be an ahelian variety over K with nd-rkA < 1. Then 
the geometric Bogomolov conjecture holds for A. 

Proof. Let X be an irreducible closed subvariety oi A. It is enough to show that if X has 
dense small points, then X/Gx consists of one special point of A/Gx- 

Assume that X has dense small points. Suppose that dimX/Gx > 0. Then we have 

dimX/Gx > 1 > nd-rkA > nd-rkA/Gx, 

where the last inequality follows from Corollary 15.91 Therefore we find that X/Gx is just 
a special point by Theorem I5.13[ but that contradicts our assumption that dim X/Gx > 0. 
Accordingly we have dim X/Gx = in this situation, i.e., X/Gx consists of a single point 
x'. Since X/Gx = {x'} has dense small points, the point x' is a special point, which shows 
our corollary. □ 

5.6. Geometric Bogomolov conjecture for curves. We conclude this section by men- 
tioning the geometric Bogomolov conjecture for curvesQ it insists that the set of K-points 
of a non-isotrivial smooth projective curve of genus more than 1 should be "discrete" in its 
Jacobian with respect to the Neron-Tate seminorm. 

To be precise, let G be a smooth projective curve over K of genus g > 2. Let Jc be 
its jacobian variety, D a divisor C{K) of degree 1 and let jo '■ C ^ Jc be the embedding 
given by x (— )■ [x — D], where [x — D] denote the divisor class of x — D. Let || ■ \ \nt be the 
canonical Neron-Tate semi-norm arising from the canonical Neron-Tate pairing on Jc- Then 
the Bogomolov conjecture for curves is the following: 

Conjecture 5.15. For any P G Jc{K), there should exist an e > such that 

{xeG(K) I \\j^{x) - P\\xT < e} 
is a finite set if G is not isotrivial. 

Here G is said to be isotrivial if there is a curve G' over k such that G^ = G. A stronger 
version of this conjecture is also well known as the effective geometric Bogomolov conjecture 
for curves: 

Conjecture 5.16. Suppose that G is not isotrivial. Then there should exist an e > such 
that 

{xeG(Z) I ||j^(x)-P||;vT<e} 
is a finite set for any P G Jc{K). Moreover, if G has a stable model over 05, then we can 
describe such an e effectively in terms of geometric information of this stable model. 

In char K = 0, after partial results by Zhang [30], Moriwaki [211 ESI |23], and the author 
[23 [2H], Cinkir proved Conjecture 15.161 in [TU]. In positive characteristic. Conjecture 15.151 
as well as Conjecture 15.161 are unsolved in full generality, and there are only some partial 
answers: Conjecture 15. 161 is solved when 

• the stable model of G has only irreducible fibers (|23]). 

""^^In this subsection, we assume that 58 is a curve, namely, that X is a function field of one variable, 
because some of the early results discussed in this subsection needs that assumption. We should note that 
Theorem 15.171 holds true and the proof here works well even in the case where K is the function field of a 
higher dimensional variety. 
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• C is a curve of genus 2 ([21]). 

• C is a hyperelliptic curve (P^); 

• C is non- hyperelliptic and g = 3 (|27j). 

The geometric Bogomolov conjecture for abelian varieties can imply Conjecture 15.151 ^ 



To see that, let h be the Neron-Tate height such that h{x) = \\x\\j^rp. Then we have 
h{jD+p{x)) = Wjoix) — PIIatt for all P E Jc{K). Accordingly, Conjecture 15.151 is equivalent 
to saying that joiC) does not have dense small points for any divisor D on C oi degree 1, un- 
less C is isotrivial. To show its contraposition, we assume that Jd(C) has dense small points 
for some D. Then jniC) is a special subvariety of Jc since Conjecture 15.21 is supposed to 
hold true. By the definition of special subvarieties and the fact that the trace homomorphism 
is purely inseparable (cf. [T9| VIII, § 3, Corollary 2] or |29l Lemma 1.4]), there is a smooth 
projective curve Cq over k and a purely inseparable finite morphism (p : (Cq);^ — )■ C. Let 
Co — )■ Cq'^^ be the g-th relative Frobenius morphism, where q is the degree of 0. Then its base- 
change to K is also the g-th relative Frobenius morphism, and hence we have {C'^^)-i^ = C 
by [25l Corollary 2.12]. Thus we conclude that C is isotrivial. 

The following result is obtained as a corollary of Theorem 15.41 without assumption on the 
characteristic. Recall here that a curve C over K is of compact type at v if the special fiber 
of the stable model of Cy is a tree of smooth irreducible components. It is well known to be 
equivalent to saying that the jacobian variety of is non-degenerate (cf. [H Chapter 9]). 

Theorem 5.17. Suppose that there exists a place at which C is of non- compact type. Then 
Coniecture \5.15\ holds true for C . 

Proof. If C is of non-compact type at v, the jacobian Jc is degenerate at v. We can therefore 
take a simple abelian variety A' over K degenerate at v and a surjective homomorphism 
(t):Jc^ A'. 

Let D be any divisor on C of degree 1. Since Jc itself is the smallest abelian subvariety 
of Jc containing ioiC) — Xq, where xq G jciC^K)), the image of joiC) — Xq by cannot be 
a point. Therefore, we find that jniC) is tropically non-trivial by Lemma [5.1 II Since joiC) 
has trivial stabilizer, we conclude that joiC) cannot have dense small points by Theorem 15. 4[ 
which implies Conjecture 15.151 for C as mentioned above. □ 

Here we give a couple of remarks. In characteristic zero. Conjecture 15.151 can be deduced 
from the combination of [23l Theorem E] and Theorem 15.171 Therefore we can avoid hard 
analysis on metric graphs carried out in (TU], as far as we consider the non-effective version 
only. If the inequality of ^231 Theorem D] can be show also in positive characteristic, then 
the same proof as that of [251 Theorem E] works, and hence we can obtain Conjecture 15.151 
Thus our argument makes some contribution to Conjecture 15.151 However, we should also 
note that our approach does not say anything on the effective version Conjecture 15.161 

6. Reduction to the conjecture for nowhere degenerate abelian varieties 

In this section, we show Theorem [Ej which insists that Conjecture 15.21 should follow from 
the geometric conjecture for nowhere degenerate abelian varieties. 



""^^The argument from here to the end of the proof of Theorem 15.171 works weU even if 05 is a higher 
dimensional variety. 
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6.1. Isogeny and special subvarieties. Let : A — )■ i? be an isogeny of abelian varieties 
over K and let X C A be an irreducible closed subvariety. [291 Lemma 2.3] says that X has 
dense small points if and only if so does That shows us that, if our formulation of 
the geometric Bogomolov conjecture is correct, then X being special should be equivalent 
to (t){X) being special. In fact, we will establish this assertion: 

Proposition 6.1. Let (p : A ^ B be an isogeny of abelian varieties over K and let X d A 
he an irreducible closed subvariety. Then X is a special subvariety if and only if so is 
Y:=<P{X). 

Proof. It follows immediately from [221 Proposition 2.11] that the image of a special subva- 
riety is also a special subvariety. 

In order to show the other implication, suppose that Y is special. Since we have 4>{Gx) C 
Gyi we may assume Gx and Gy are trivial by taking the quotient. Taking translation by 
a torsion point if necessary, we may assume Y = TiB (Y-^) for a closed variety Y' C B^^K 
Recall that, for a homomorphism (p : A ^ B of abelian varieties over K, we have a unique 
homomorphism Tr(0) : A^^'^ — t- B^^'^ characterized by Tr^ o Tr(0);^ = o Tr^i. Since Tr(0) 
is surjective by pS] Lemma 1.5], we have Tr(0) {TT{(f))^^{Y'))) = Y' . Taking account that 

we then see that 

<P (Tr^ (Tr(0)-i(r)^)) = Tr^ (Tr(0)^ ((Tr(0)^)-^ (F^))) = Tr^ (F^) = Y 

Since is an isogeny and X is irreducible, we can therefore take a torsion point r G A{K) such 
that Z := X — r is an irreducible component of Tr^ (Tr(0)~^(y)-^). Since k is algebraically 
closed, we can take an irreducible component Z' of Tr(0)~^(y) with Z^^ = Z, and we have 
Tr^ (Z^) + T = X. Thus we conclude that X is a special subvariety. □ 

Corollary 6.2. Let cf) : A ^ B a homomorphism of abelian varieties over K . 

(1) Suppose that is an isogeny. Then the geometric Bogomolov conjecture holds for A 
if and only if it holds for B. 

(2) Suppose that is surjective. If the geometric Bogomolov conjecture holds for A, then 
it holds for B. 

Proof. The assertion (1) immediately follows from |29[ Lemma 2.3] and Proposition 16.11 To 
show (2), we take an abelian subvariety B' <Z A such that 01^' . B' ^ B is an isogeny. It is 
easy to see that the geometric Bogomolov conjecture for A implies that for B'. Accordingly, 
it follows from (1) that the conjecture also holds for B. □ 

6.2. Reduction to the case of nowhere degenerate abelian varieties. Now we can 

establish one of our main results: 

Theorem 6.3 (Theorem [El). Let A be an abelian variety and let B be a representative of 
the nowhere degenerate factor for A. Then the following are equivalent to each other: 

(a) The geometric Bogomolov conjecture holds for A. 

(b) The geometric Bogomolov conjecture holds for B. 
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Proof. By virtue of Corollary 16.21 (1), we may assume A = A^, x B for some abelian variety 
A^. Then it immediately follows from Corollary 16.21 (2) that (a) implies (b). 

Let us prove that (b) implies (a). Suppose that the conjecture holds for B. Let 9 : A ^ 
A/Gx be the quotient, and take an isogeny : A/Gx A'^ x B' of abelian varieties, where 
B' is a representative of the nowhere degenerate factor for A/Gx- Note that nd-Tk{A'^) = 0. 
Let p' : A'^ x B' ^ A'^ and q' : A'^ x B' ^ B' be the canonical projections. Applying 
Lemma 15.61 to o ^, we obtain a homomorphism %p' : B ^ B' for (p o 6, and it is surjective 
since (poQ is surjective. By Corollary 16. 21 (2). we see that the geometric Bogomolov conjecture 
holds for B'. 

Let X be an irreducible closed subvariety of A having dense small points. Then X/Gx 
is tropically trivial by Theorem 15.41 and hence Y := (f){X/Gx) is also tropically trivial 
(cf. flL3.1ip ). Therefore, Proposition 15.121 allows us to pick a point a' G A'^{K) such that 

Y C {a'} X B' . The point a' is a special point of A'^ since {a'} is the image of X by 
p' o (j) o 6 and X has dense small points, and hence (a', 0^') € A'^ x 5' is a special point. 
We put Y' := Y — {a',OB'), which is a subvariety of {0} x B' = B'. Taking account that 
X has dense small points, we see that Y also has dense small points and so does Y'. Since 
the conjecture holds for B', it follows that Y' is a special subvariety. That implies that 

Y = Y' + (a', Ob/) is special (cf. |29l Remark 2.6]), and hence X/Gx is also special by 
Proposition 16.11 Accordingly, we conclude that X is special by p9j Proposition 2.11], and 
thus we obtain our theorem. □ 

The following assertion follows immediately since nd-rk(y4) < dim A: 

Corollary 6.4. Let s be a non-negative integer. The following are equivalent to each other: 

(a) Conjecture \5.S\ holds for any abelian variety A with nd-rk A < s. 

(b) Conjecture \5.2\ holds for any nowhere degenerate abelian variety B with dimi? < s. 

Note that Corollary 15.141 also follows from Corollary 16.41 since the geometric Bogomolov 
conjecture holds for elliptic curves. 

As a result. Corollary 16.41 says in particular that the geometric Bogomolov conjecture in 
full generality is equivalent to the following conjecture. 

Conjecture 6.5 (Geometric Bogomolov conjecture for nowhere degenerate abelian vari- 
eties) . Let A be a nowhere degenerate abelian variety over K and let X be a closed subvariety 
of A. Then X should not have dense small points unless it is a special subvariety. 

In the proof of any theorems on the Bogomolov conjecture for abelian varieties, the equidis- 
tribution theorem was a crucial ingredient. However, our arguments so far suggest that 
equidistribution theorem on Berkovich analytic spaces should be useless against the proof of 
Conjecture 16. 5l because the canonical subset, which is the support of the canonical measures, 
is just a single point in this setting. They do not have enough information to lead us to any 
result in this case. A different strategy should be constructed for this conjecture. 
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